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Abstract

We study best-of-both-worlds algorithms for K-armed linear contextual bandits. Our algorithms de-
liver near-optimal regret bounds in both the adversarial and stochastic regimes, without prior knowledge
about the environment. In the stochastic regime, we achieve the polylogarithmic rate w,
where Amnin 1s the minimum suboptimality gap over the d-dimensional context 'space. In the adversarial
regime, we obtain either the first-order O(dK+/L*) bound, or the second-order O(dK+/A*) bound, where
L™ is the cumulative loss of the best action and A* is a notion of the cumulative second moment for
the losses incurred by the algorithm. Moreover, we develop an algorithm based on FTRL with Shannon
entropy regularizer that does not require the knowledge of the inverse of the covariance matrix, and
achieves a polylogarithmic regret in the stochastic regime while obtaining O(dK VT ) regret bounds in
the adversarial regime.

1 Introduction

Because of their relevance in practical applications, contextual bandits are a fundamental model of sequential
decision-making with partial feedback. In particular, linear contextual bandits [Abe and Long, 1999, Auer,
2002], in which contexts are feature vectors and the loss is a linear function of the context, are among
the most studied variants of contextual bandits. Traditionally, contextual bandits (and, in particular, their
linear variant) have been investigated under stochastic assumptions on the generation of rewards. Namely,
the loss of each action is a fixed and unknown linear function of the context to which some zero-mean noise
is added. For this setting, efficient and nearly optimal algorithms, like OFUL [Abbasi-Yadkori et al., 2011]
and a contextual variant of Thompson Sampling [Agrawal and Goyal, 2013], have been proposed in the past.

Recently, Neu and Olkhovskaya [2020] introduced an adversarial variant of linear contextual bandits,
where there are K arms and the linear loss associated with each arm is adversarially chosen in each round.
They prove an upper bound on the regret of order vdKT disregarding logarithmic factors, where d is
the dimensionality of contexts and T is the time horizon. A matching lower bound Q(\/ dK T) for this
model is implied by the results of Zierahn et al. [2023]. The upper bound has been recently extended by
Olkhovskaya et al. [2023], who show first and second-order regret bounds respectively of the order of Kv/dL*
and K+ dA* (again disregarding log factors), where L* is cumulative loss of the best action and A* is a notion
of cumulative second moment for the losses incurred by the algorithm.
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Table 1: A comparison of regret bounds for linear contextual bandits. 9] ignores (poly)logarithmic factors.
The v/C column specifies whether in the corrupted stochastic regime the algorithm achieves the optimal v/C'
dependence on the corruption level C' > 0. For the bound in the adversarial regime, we omit additive terms
polylogarithmic in T'. See Section 2 for a formal definition of the quantities appearing in the bounds.
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Olkhovskaya et al. [2023] - O (KdA* - Known

Olkhovskaya et al. [2023] - O (KVdL* - Known
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s K 1 2 2 1 ?

Proposition 8 Ol a— (d + m) In(K)InT o TK <d + m) In(K) v Known

Theorem 1 1% (<§K?2 In?(dKT)In? T) o (dK\/A*) v/ Known

(dK)*§. 2 3 %) : . N
Corollary 1 1% ( ()" 112 (K T) In T) o (d}(./mm{L ,A}) v/ Known
Theorem 2 0 (L (d + oL ) In(KT)In T) o(\/TK (d + L ) In(T)In(K)) v  Unknown
Amin Amin (X) Amin (X)

The above model of K-armed linear contextual bandits has also been studied in a stochastic setting—see,
e.g., [Bastani et al., 2021]. By reducing K-armed linear contextual bandits to linear bandits, and applying
the gap-dependent bound of OFUL [Abbasi-Yadkori et al., 2011], one can show a regret bound of the order
of Adf;n In(T) for the stochastic setting, ignoring logarithmic factors in K and d, where A, is the minimum
sub-optimality gap over the context space.

In this work, we address the problem of obtaining best-of-both-worlds (BoBW) bounds for K-armed
linear contextual bandits: namely, the problem of designing algorithms simultaneously achieving good re-
gret bounds in both the adversarial and stochastic regimes without any prior knowledge about the en-
vironment. Starting from the seminal work of Bubeck and Slivkins [2012], Seldin and Slivkins [2014] for
K-armed bandits, there is a growing interest in BoBW results [Seldin and Lugosi, 2017, Wei and Luo, 2018,
Zimmert and Seldin, 2021]. Various bounds have been established for different models, including linear ban-
dits [Lee et al., 2021, Kong et al., 2023, Ito and Takemura, 2023b,a], contextual bandits [Pacchiano et al.,
2022, Dann et al., 2023|, K-armed bandits with feedback graphs [Ito et al., 2022, Rouyer et al., 2022], com-
binatorial semi-bandits [Zimmert et al., 2019, Ito, 2021], episodic MDPs [Jin et al., 2021], to name a few.
However, known BoBW results for contextual bandits are not satisfying. The algorithm of Dann et al.
[2023] essentially relies on ExP4, which is computationally expensive when the class of policies is large. In
this paper, we devise the first BoOBW algorithms for K-armed linear contextual bandits that, among other
advantages, can be implemented in time polynomial in d and K. Next, we list the main contributions of this
work.

Contributions. We introduce the first BoBW algorithms for K-armed linear contextual bandits. In the

(dK)?polyln(dKT)
— A

stochastic regime, our algorithms achieve the (poly)logarithmic rate In the adversarial

regime, we obtain cither a first-order O(dK+v/L*) bound, or a second order O(dK+/A*) bound (Theorem 1
and Corollary 1). We also propose a simpler and more efficient algorithm based on the follow-the-regularized-
leader (FTRL) framework, that simultaneously achieves polylogarithmic regret in the stochastic regime and
5(dK VT ) regret in the adversarial regime (Theorem 2), without prior knowledge of the inverse of the
contextual covariance matrix 3. Our proposed algorithms are also applicable to the corrupted stochastic
regime.

min

Techniques. Our data-dependent bounds are based on the black-box framework proposed by Dann et al.
[2023], who provide a unified algorithm transforming a bandit algorithm for the adversarial regime into
a BoBW algorithm. Directly adapting to our setting the results for contextual bandits with finite policy



classes in their work involves a prohibitive computational cost, since it is known that the number of policies to

consider in the adversarial regime is of order (TK*2d*1)Kd [Allen-Zhu et al., 2018, Olkhovskaya et al., 2023].
Within the same framework, we may also apply the Exp3-type algorithm of Neu and Olkhovskaya [2020)].
However, this only results in zero-order (i.e., not data-dependent) regret bounds O(v/T)—see Proposition 8
in Appendix E.3. In order to obtain data-dependent guarantees, we instead apply the continuous exponential
weights algorithm for adversarial linear contextual bandits recently investigated by Olkhovskaya et al. [2023].
In particular, we show that it is possible to choose the learning rates so as to fulfill the data-dependent
stability condition required in Dann et al. [2023] for applying their black-box framework.

The data-dependent bounds achieved by the black-box approach are favorable in the sense that the al-
gorithm performs well when there is an action achieving a small cumulative loss or the loss has a small
variance. However, this approach may have limitations as it requires knowledge of the inverse of the covari-
ance matrix 37! and may not be practical to implement. To overcome this issue, we show how FTRL with
Shannon entropy regularization—which is a much more practical algorithm—can be run with an estimate
of X~1 computed using Matriz Geometric Resampling (MGR) of Neu and Bartok [2013], Neu and Bartok
[2016], thus avoiding the advance knowledge of X!, In order to construct this algorithm, we rely on an
adaptive learning rate framework for obtaining BoBW guarantees in FTRL with Shannon entropy regu-
larization, proposed in Ito et al. [2022] and later used in Tsuchiya et al. [2023a,b], Kong et al. [2023]. The
difference from their work is that while they crucially rely on the unbiasedness of the loss estimator, we need
to deal with the biased loss estimator that comes from the use of the covariance matrix estimation in MGR.
Neu and Olkhovskaya [2020] and Zierahn et al. [2023] applied FTRL+MGR, which allows controlling the
bias of the loss estimator, but they focused only on the adversarial regime. Moreover, their methods only at-
tain a sub-optimal regret bound O(v/T) in the stochastic regime. The derivation of our bounds for K-armed
linear contextual bandits requires nontrivial scheduling of the learning rates and of the adaptive mixing rates
of exploration. With these techniques, we successfully provide the first BoBW bounds for K-armed linear
contextual bandits without knowing 3~1.

Table 1 summarizes our results in the context of the previous literature. The upper bound of Zierahn et al.
[2023] is for a combinatorial contextual setting where the action space satisfies A C {0,1}¥ and we assume
maxae4 ||alli < 1. The best known lower bound for the adversarial or distribution-free setting is Q(vVdKT)
also due to Zierahn et al. [2023], see Appendix C.

Related work. Despite the vast literature on contextual bandits [Chu et al., 2011, Syrgkanis et al., 2016,
Rakhlin and Sridharan, 2016, Zhao et al., 2021, Ding et al., 2022, He et al., 2022], only a few data-dependent
bounds have been proven since the question was posed by Agarwal et al. [2017a]. The first result is by
Allen-Zhu et al. [2018], but the algorithm is not applicable to a large class of policies. Foster and Krishnamurthy
[2021] obtained first-order bounds for stochastic losses via an efficient regression-based algorithm. Recently
Olkhovskaya et al. [2023] proved first- and second-order bounds for stochastic contexts but adversarial losses.
Yet, BoBW bounds are not addressed in these studies. There are some BoBW results in the model selec-
tion problem [Pacchiano et al., 2020, 2022, Agarwal et al., 2017b, Cutkosky et al., 2021, Lee et al., 2021,
Wei et al., 2022]. In particular, Pacchiano et al. [2022] achieved the first BoBW high-probability regret
bound for general contextual linear bandits. However, the algorithm achieving this result has a running time
linear in the number of policies, which makes it intractable for infinite policy classes. A more detailed review
of related works can be found in Appendix B.

2 Problem Statement

Given a K-action set [K]:= {1,2,..., K}, a context space of a full-dimensional compact set X C R?, and a
distribution D over X, our learning protocol can be described as follows. At each time step t =1,2,...,T":
e For each action a € [K], the environment chooses a loss vector 8, , € RY

)

e Independently of the choice of loss vectors 6, , for a € [K], the environment draws the context vector
X; € X from the context distribution D unknown to the learner

e The learner observes context X, and chooses action A, € [K]

e The learner incurs and observes the loss £;(X;, A;).



Assumptions. Like previous works on adversarial linear contextual bandits [Neu and Olkhovskaya, 2020,
Olkhovskaya et al., 2023, Zierahn et al., 2023] and linear bandits [Lee et al., 2021, Dann et al., 2023], we
make the following assumptions:

e The distribution D from which contexts X are independently drawn satisfies E[XX '] = ¥ > 0;
e || X|2 <1 D-almost surely;

® |0 0]z <1forallac[K]andte[T];

o li(x,a)e[-1,1]forall x € X, a € [K], and t € [T].

Further conditions on the loss functions ¢;(x, a) as well as the loss vectors 8, , for each a € [K] and ¢ are
defined in each regime as follows.
Adversarial regime. The loss function is defined by ¢,(X;,a) := (Xy,0,,,), where 6, is chosen by an
oblivious adversary for all a and t.
Stochastic regime. The loss function is defined by 4:(X;, a) := (Xt, 04) + :(X¢, a), where 6, for each
action a is fixed and unknown, and £;(X;, a) is independent and bounded zero-mean noise.
Corrupted stochastic regime. The loss function is defined by ¢,(X;,a) := (X;,0,4) + €(Xy, a), where
£1(Xy,a) is independent and bounded zero-mean noise and the vectors 6, , are such that there exist fixed
and unknown vectors 01, ..., 0k and an unknown constant C' > 0 for which Ethl maxge(k] [0t,a —Oall2 < C
holds. Note that C' = 0 corresponds to the stochastic regime and C' = ©(T") corresponds to the adversarial
regime with additional zero-mean noise.

Let II be the set of all deterministic policies m : X — [K] mapping contexts to actions. We define 7* € 11
as the optimal policy:

T
7" (x) := argminE [Z ft(w,a)] Ve e X, (1)

a€[K] =1

where the expectation is taken over the randomness by loss functions. Then, the learner’s goal is to minimize
the total expected regret against the optimal policy 7*:

Rr=E

i (&(Xt,At) — Kt(Xt77T*(Xt)))‘| , (2)

t=1

where the expectation is taken over the learner’s randomness as well as the sequence of random contexts and
loss functions.

In the (corrupted) stochastic regime, given 61,..., 0k, let Apin(x) := ming - (z) (2, 04 — Or+ () for all
x € X. Then, we define the minimum sub-optimality gap by Apin := mingexy Amin(z) > 0.

We denote the cumulative loss incurred by the optimal policy by L* := E[ Zthl 0(X¢, 7 (X;))] and the
cumulative variance of a policy choosing actions A;, As, ... with respect to a predictable loss sequence m; , €
R? for action a by A* := E[Z;‘;l (0e( Xy, Ay) — (X, mua,))?]. We use A = E[E;‘;l (0( Xy, Ar) — (X4,0))?]

with 6 := - Zthl Zle 0.4

Additional notation. We denote by Ex|-] the expectation over a random variable (r.v.) X. We denote by
Ex[-]Y] the expectation over X conditioned on Y. When we write E[X] - E[X|Y], we take the expectation
conditioned on Y with respect to all sources of randomness in X. We denote by F; = o(X§, As,Vs < t) the
filtration generated by all the random variables X and the set of actions Ay, for each s < ¢t. Then we write
E,[-] = E[-|F;_1]. For any semi-definite matrix B € R¥*? we use Awin(B) to denote the smallest eigenvalue
of B, and write ||u|[g = Vu'Bu for u € R?. We also define the probabilistic policy mapping each context
@ to a probability distribution (- | &) over [K] (i.e., an element of the simplex A([K])). For the analysis of
data-dependent bounds, we use the notion & 4 := (£;(Xt,a) — (X}, My 4)) € R with a loss predictor my , for
t € [T] and a € [K]. We write 1[-] to denote the indicator function.



3 Follow-the-Regularized-Leader

Following the existing BoBW algorithms, we rely on the FTRL framework. Given context X;, we consider
the FTRL predictor in A([K]) defined as

pi(-1X,) € argmin {Z@:Zs(m - wtm} ,

rea(x) | S
where ZS(Xt) = ((Xt, 5571>, cey (X és,K))T € R¥, and ét)a is an estimator of the linear loss 8; , € R%. We

use the (negative) Shannon entropy ¥;(r) = —% as the regularizer, where H is the Shannon entropy and

n: > 0 is a learning rate. It is well known that p;(-|X;) is equivalent to the EXp3-type prediction

exp (—m Zi;ll (X, as,a>)
> ber] €XP (= S (X, 050))

The learner’s policy m(-|X:) € A([K]) that selects the next action usually combines p;(-|X;) with some
exploration strategy to control the variance of the loss estimates.

We next introduce the Optimistic FTRL (OF TRL) framework [Rakhlin and Sridharan, 2013]. In OFTRL,
a loss predictor my , € R? for each action a is available to the learner at the beginning of each round t.
OFTRL can be viewed as adding m, , to the objective as a guess for the next loss vector. The OFTRL
prediction p;(-|X;) is then defined as

pt(a|Xt) = (3)

arg min {Z@:Zs(m + (rma (X)) + wr)} ,

reA(K]) (s=1
where mt(Xt) = ((Xt,mt,1>, ceey <Xt, mt7K>) € RE,

In the following sections, we apply OF TRL in Theorem 1 exploiting the predicted loss m,;(X;) to achieve
first- and second-order regret bounds, and in Theorem 2, we apply FTRL to obtain a worst-case regret bound
in the adversarial regime, while guaranteeing the polylogarithmic regret in the stochastic regime.

4 Data-dependent Bounds

In this section, we discuss how the reduction framework is adapted to K-armed linear contextual bandits.
We design an algorithm, MWU-LC, that satisfies the data-dependent stability conditions (Proposition 1), so
that we can use it as a base algorithm in the black-box reduction of Dann et al. [2023] and obtain the desired
BoBW bound for arbitrary my , (Theorem 1). By choosing the appropriate loss predictor m, ,, we also
show how to simultaneously achieve first- and second-order bounds (Corollary 1).

MWU-LC (Algorithm 1) is an instance of OFTRL using a multiplicative weight update. Notably, such
an approach has been taken by Ito et al. [2020] for adversarial linear bandits where they use truncated distri-
bution techniques to make an unbiased loss estimator stable. Recently, Olkhovskaya et al. [2023] extended
Tto et al. [2020] to the adversarial K-armed linear contextual bandits. MWU-LC is built upon the algorithm
of Olkhovskaya et al. [2023], but in a setting where a loss is observed with some probability ¢;. The design
of the learning rate is significantly modified in order to achieve BoBW bounds. In particular, we show that
MWU-LC achieves a stability condition called data-dependent importance-weighting stability (see Definition 4
in Appendix E).

Additional assumptions. If the density function h : R? — R has a convex support and In(h(y)) for
y € R% is a concave function on the support, we call the distribution log-concave. As in Olkhovskaya et al.
[2023], we assume that (i) context distribution D is log-concave and its support is known to the learner,
and (ii) the learner has access to X1, the inverse of the covariance matrix of contexts. However, these
assumptions will be both dropped in Section 5. We assume that loss predictors satisfy (X, my ) € [—1,1]
for all ¢ and a € [K]. Finally, when we discuss first-order regret bounds, we assume 0 < ¢;(X;,a) <1 for all

t and a € [K], which is a standard assumption to ensure that L* = E[Ethl (X, m* (Xt))] >0.



Continuous MWU method. The learner has access to a loss predictor m; , € R¢ for each action a at
round ¢, also called the hint vector. The learner computes the density p:(-|X:) supported on A([K]) and
based on the continuous exponential weights w;(-|X;):

t—1
wy(r|X¢) := exp (—m <Z<T725(Xt)> + (r, mt(Xt)>>>,
pt(T|Xt) — wt(T|Xt)

= , 4

where r € A([K]), n: > 0 is a learning rate, and 01_11 is the unbiased estimate for the loss vectors 6, ,, which
will be determined later. -
For the rejection sampling step in Line 5-6, we use the following covariance matrix 3 , € Rxd,

Et,a = EX,ytht(~|X) [yt(a)QXXTlft—l] . (5)

The number of steps required for the rejection sampling is @(1), which can be shown via the concentration
property of the log-concave distribution (e.g., Lemma 1 of Ito et al. [2020]) and the log-concavity of D. The
truncated distribution p;(-|X:) of ps(-|X¢) is defined as:

P XL [ X < a?]
5t(T|Xt) = i

K ~
Py [ S I, < 05

for r € A([K]), where 7; > 1 is the truncation level to be specified soon. Thus, @Q; € A([K]) is sampled
from the truncated distribution p;(-|X;) and the learner chooses an action A; ~ @;. The probability that
the learner can observe a loss, ¢; € (0,1] (calculated in Algorithm 5 in Appendix E), is given to the base
algorithm in the reduction framework. If the learner observes a loss, then upd, is set to 1, otherwise upd, is
set to 0. Then MWU-LC constructs an unbiased estimator ét_’a of 0, for each a € [K] as follows:

upd,
4t

é\t,a: =My g+ Qt(a)ij;;tht,a]l[At = al, (6)

where & o = (6(Xy,a) — (X;, my4)) and f]t,a € R¥*4 is given by:
o= Ex [Qu(a)?XX T|Foi] . (7)

For MWU-LC with update probability ¢;, we design a novel update rule for the learning rate 7, > 0 as

follows:
-3

800dK72 2 B;
m = N d + Z - 9 (8)
minj<¢ g = 4
where we set 8, := 16777 4, and 7, := 4In(10dKt) for ¢ € [T).
Theoretical results. The following proposition implies that MWU-LC satisfies the data-dependent importance-
weighting stability. The proof is provided in Appendix F.

Proposition 1. Assume that 3, in (5) and X, in (7) are known to the learner at each round t and
action a. Given an adaptive sequence of weights qi,qa,... € (0,1], suppose that MWU-LC observes the
feedback in round t with probability q;. Let R(t,a*) = E[>";_, €(Xy, Ar) — li(Xy, a*)] for round T € [1,T)
and comparator action a* € [K]. Let k(d, K,T) = 32KdIn(10dK7)In(r). Then, for any T and a*, the regret
R(t,a*) of MWU-LC is bounded by

k(d,K,T) | | E

T u 2
Z Pdtét,At] +El \/W]

= G min;<r g;



Algorithm 1: Continuous MWU (MWU-LC)

Input :Set of K arms
1 Receive update probability g;
2 fort=1,2,...,T7 do
3 Observe Xy;
4 do
5
6

| Draw Q ~ p;(-|X;) defined in (4)

while Y"1, Q(a)?(|X,|% < dKA? ;

Q: + Q € A([K]);

Choose an action A; ~ Qy;

9 With probability ¢;, observe the loss ¢;(X;, A¢) as a feedback;

10 Compute é\tya for a € [K] as in (6);
11 Update p;(:|X:) as in (4);
12 Update 1, as in (8);

® =

Owing to Proposition 1, if MWU-LC is run with the black-box reduction procedure (Algorithms 3 and 5
in Appendix E) as a base algorithm, we obtain the following BoBW guarantee.

Theorem 1. Assume that ;. in (5) and X, , in (7) are known to the learner at each round t and action

a. Let k1(d, K,T) = K2d?> In*(dKT) In*(T) and ko(d, K, T) = (dK)3/? In(dKT)In(T) be problem-dependent
constants. Combining the base algorithm MWU-LC (Algorithm 1) with Algorithms 3 and 5, it holds that

Rr=0 <\/m(d, K, T)A*In®T + ko(d, K, T) 1n2(T))

in the adversarial regime and

Rr=0 + ko(d, K, T)In(T) In

7 (B, T)In(T) \/ k1(d, K, T) InTC

Amin Amin Amin

in the corrupted stochastic regime.

For a concrete choice of m;, for each a € [K], which in turn determines A*, we utilize the online
optimization method. For any positive semi-definite matrix S € R?*4, define the predictor m; , as a vector
in M :={m eR?| (x,m) <1, Vx € X} that minimizes the following expression:

t—1
Imlg+ > 1[A; =a] (84 — m, X;))° (9)
j=1

Based on Ito et al. [2020], we construct S via the barycentric spanner for X [Awerbuch and Kleinberg, 2004],
which is given by (26) in Appendix F. Then, we show the following corollary using S, which implies that we

obtain the regret bound depending on y/min{L*, A}, see Section 2 for a definition of A.

Corollary 1. Let m, , at each t € [T] and a € [K] be given by the minimizer of (9). Then, under the same
assumptions as Theorem 1 and for any m* € M, Ry is bounded by

T
O | Kd min{L*,E{Z(Xt,OtﬂAt—m*>2}}+sz2

t=1

for the adversarial regime, and is the same regret as Theorem 1 for the corrupted stochastic regime.



Algorithm 2: FTRL with Shannon entropy (FTRL-LC)
Input :Arms [K]
1 Initialization: Set 8y, = O for all @ € [K]. Initialize ; and 1 by (13). Set My + 1.

2 fort=1,2,...,7 do
3 Observe Xy;
a Compute p;(-|X¢) by FTRL in (10) with regularizer ¢, (r) = —%H(r);
1
5| et m(alX0) = (1= y)pelalXe) + 7 (11)

Sample an action A; ~ m(-| Xy);

Observe the loss ¢;(X¢, A;) and compute gt,a for all @ € [K] using (12);
Update n; and ~; by (13);

Update M; by (14);

© 0w N o

Remark 1. Although the first-order bound is obtained by just setting my, = 0 (see Corollary 2 in Ap-
pendiz F), computing the minimizer of (9) as my o allows a single algorithm to achieve first- and second-order
bounds simultaneously. Compared with Olkhovskaya et al. [2023], our results only have an additional factor
Vd in the adversarial regime while also providing gap-dependent polylogarithmic regret in the (corrupted)
stochastic regime.

We just saw how our first approach in this section achieves theoretical advantages and a polynomial-time
running time due to the log-concavity of D. However, removing the prior knowledge of 3! seems challenging,
as computation of (5) and (7) involves expectation depending on both D and a learner’s policy. Moreover, the
continuous exponential weights incur a high (yet polynomial) sampling cost, resulting in (9( (K® +1n T)gg;t)
per round running time, where gs:, is the time to construct the covariance matrix for each round (see
Section 3.3 in Olkhovskaya et al. [2023] or Section 4.4 in Tto et al. [2020] for detailed discussion). To address
these issues, we next devise a simpler solution using FTRL instead of relying on the reduction framework.

5 TUuknown X! Case

We present a computationally efficient algorithm, called FTRL-LC, based on FTRL with negative Shannon
entropy. This algorithm does not require knowledge of 37!, and only needs access to context distribution
D and minimum eigenvalue Apin (3).

Proposed method. Recall that, given context X;, FTRL computes the probability vector p:(-|X;) €
A([K]) as follows:

t—1
pi(|X¢) := argmin {Z (r,8s(Xe)) + wt(r)} , (10)
reA([K]) | s—1

where ¢;: A([K]) — R is the convex regularizer, £,(X;) := ((Xy, 5571>, o (X,0, k) € RE | and 55,,1 € R?
is the (possibly biased) estimator for 8, ,. Then, the policy m¢(-|X:) that selects the action A; is defined by
mixing the probability vector p;(-|X;) with uniform exploration, where the adaptive mixture rate v, € [0,1/2]
is defined later in (13). For the regularizer in (10), we use the (negative) Shannon entropy ¢:(r) = —% (r)
as introduced in Section 3, where the learning rate n; > 0 will be specified later. The pseudo-code of FTRL-LC
is given in Algorithm 2.

Loss estimation. Here we describe the method for estimating 6; ,. Given the covariance matrix 3; , =

E;[1[A; = a] X; X,T], it is known that we can construct the unbiased estimator ém defined by
gt,a = EE;Xtét(Xt;At)]l[At =al, Vac€lK]

While this estimate is unbiased, [E; [ét,a] = 0,4, computing this estimator is computationally inefficient as its
construction requires computing the inverse of the d x d covariance matrix ¥ ,. Such a heavy computation



requiring time equal to O(d?) is prohibitive when d > 1. Furthermore, this estimation approach assumes
that the covariance matrix is known in advance, which is not the case in most real-world scenarios.

To avoid such practical problems, we consider relying on the approach of Matriz Geometric Resampling
(MGR) developed by Neu and Bartok [2013], Neu and Bartok [2016] and later used in Neu and Olkhovskaya
[2020], Zierahn et al. [2023]. The MGR procedure, detailed in Appendix G.1, has M; > 0 iterations and out-
puts f];ra as the estimate of 2;5 MGR can be implemented in O(M;Kd+ Kd?) time [Neu and Olkhovskaya,

2020]. Using f):a, we can define the estimator of 8, , by
0.0 = Si  Xelo(Xe, A)1[A; = a], Va € [K]. (12)

However, f)?' . 1s biased in general when M; > 0 is finite, implying that the estimator gt,a in (12) may be
biased (although E; [f];ra] = X;} when M; — o0). This biasedness needs to be handled when designing the

t,a

learning rate (1) for FTRL.
Learning rate. To achieve BOBW guarantees while dealing with a biased estimator, we need to design a
learning rate 7, and a mixture rate 7; achieving O(v/T) regret in the adversarial regime and O(poly(InT))
regret in the stochastic regime. To achieve this goal, we define the learning rate and mixture rate as follows:
il
V1K) S Hpa(1X.)
Bt = max{2,c5InT, B;},
1 4K In(t)

5£+1 = Bé +

)

= — ) = . B = 9 13
1 Bt e e, o )\min(z) ( )
where ¢ = (3Kd+ /\QKII(‘ET)) nL o = A?—I‘EE), and we set f] = ¢} > 1. These definitions ensure

0<v%<1/2and 0 <m <1/2.

Unlike the existing algorithms, which are designed for the adversarial regime and use a fixed number of
iterations of MGR (i.e., My = M for some M > 0 at all ¢ € [T'] [Neu and Olkhovskaya, 2020, Zierahn et al.,
2023]), determining M; adaptively is also crucial to prove BOBW guarantees. We set M; at round ¢ > 1 to

4K
S ln(t)-‘ > 1). (14)

M =
K ’V'-Yt)\min

Theoretical results. Here, we formally state the main result and sketch a summary of the key analysis
to guarantee the regret upper bound. The complete proof of Theorem 2 and the following lemmas can be
found in Appendix G.

Theorem 2. Let ¢y = O Mln T)) be a problem-dependent constant. The regret Ry of FTRL-LC
Amm(z)

(Algorithm 2) for the adversarial regime is bounded by

Rr = (9<\/T (d—l— %) Kln(K)ln(T)+C4>.

For the stochastic regime, the regret is bounded by

_ K InT . sto
Rp = 0( A (d+ - (2)) In(KT) lnT> = Ry,

and for the corrupted stochastic regime, the regret is bounded by

Rr =0 (Ré‘,?" + ,/OR%O).



Our bound achieves O (\/ TK max{d, m}) recovering the best-known result in the adversarial

regime [Neu and Olkhovskaya, 2020, Zierahn et al., 2023] up to log-factors when T' > - E and has a

_ K"
>\min(2
performance comparable to AK In(T") in the stochastic regime. In the corrupted stochastic regime, we have
the desired dependence of v/C for the corruption level C' > 0.

Regret analysis. For the sake of simplicity, in our analysis we introduce a variant of our bandit problem
that we call auriliary game, where the context vector x € X does not change over time, and for each trial
t € [T] the incurred loss is obtained replacing 8, , by a (possibly biased) loss vector estimator 6, , as follows.

Let 6:, € R? be an estimator of the loss vector 0., with bias b, € R and a € [K]. Suppose that the
learner’s action A; is selected by a probabilistic policy m¢(-|x) € A([K]). Then, the regret in the auxiliary
game against the comparator 7*(x) defined in (1) for the estimated loss is defined as

Z ,0;4,) — (%, 0, 5+ (2)) | - (15)

As in Neu and Olkhovskaya [2020], Olkhovskaya et al. [2023], Zierahn et al. [2023], we define a ghost sample
Xo ~ D, which is drawn independently of the entire interaction history, i.e., X¢ is independent of any of

X1,...,X; used to construct the loss estimators 6; ,. With this notation, it is known that Rr is bounded
as follows (see Eq.(6) in Neu and Olkhovskaya [2020] and Lemma 7 in Appendix D):
T
Ry < E[Rp(Xo)] + 2 mex |E[(X¢, bra)]-
=1 a

Thanks to this upper bound, it suffices to bound the regret of the auxiliary game and control the bias. To do
so, we start with Lemma 1, which can be proven via the standard analysis of FTRL with Shannon entropy
while taking the context into account.

Lemma 1. Suppose that maxgex |nt<m,§t1a>| < 1 holds, and A is chosen by m(-|x) defined by (11) for
x € X. Then, we have

Z Bir1 — Be) H(pey1(-|x)) + f1In K

t=1

T K _
+ 30 Y mlale) (@, 6,.0) + Ule), (16)

T

where U(x) = Zthl Ve Ea;&w*(m) (x, 6, ) 1S the regret due to the uniform exploration.

We next state the following lemma, showing that our careful parameter tuning allows us to bound the
RHS of (16).

Lemma 2. Suppose that n; < %, Y& = ¢ -y, and set My as in (14). Then, it holds that (i) |Et[<Xt,5t,a —
0:.)]| < exp (—%) <1/t and (ii) |ne(x, 0,.0) <1, Vo € X.

Thanks to (ii), the requirement of Lemma 1 is met by our parameter tuning. The statement (i) is useful
to bound the penalty term caused by the biased gt,a, i.e., E[U(Xo)] and Zthl maxqex] |E[(X¢, bt,a)]l-

From Lemma 1, we can derive Lemma 3 providing an upper bound on the expected regret of the auxiliary
game dependent on the sum of the Shannon entropy over [T].

Lemma 3 (Entropy-dependent regret bound for the auxiliary game). Let Xo ~ D be a ghost sample drawn

2K InT
3Kd +m) InT

PRV SR If Ay is chosen by
7t (| Xo) defined by (11) for Xo, then, the expected regret of the auziliary game E[Rp(Xo)] s bounded by

independently of the entire interaction history. Let k = cjvVIn K + (

T

Of~w E[ZH(M('|X0))

t=1

KInK

————InT
+ Amin(zn "
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We introduce the following notation for the further analysis: Let go(7*) := Zthl(l —pt(7*(X0)| Xo)) and
o(xr_, (%) = Zthl(l — pe(7*(X;)|Xt)). Now, we are ready to sketch the proof of Theorem 2.

t=1
Proof Sketch of Theorem 2. For the adversarial regime, by the fact that H(p:(|Xo)) < InK, we
immediately have the desired regret bound from the above lemmas. To analyze the corrupted stochastic
regime we start with a lower bound on the regret. We can show that Ry > A‘;‘“E[Q(Xt)?zl (7*)] —2C from the
definition of the stochastic regime with adversarial corruption (Lemma 21 in Appendix G). For the upper
fo((ﬂT*) (Lemma 22 in
Appendix G). When go(7*) < e, then we have the desired bound trivially from this inequality. In the case
of go(7*) > e, using E {Zthl H(pt(-|X0))} < Eloo(m*)] In(KT), we have Ry = O(poly(InT') - E[go(7*)] + c4),
where ¢4 is a problem-dependent constant. Here, we use the fact that Xy and X; follows the same distribution
to show Efo x,yr (7*)] = E[oo(7*)] (Lemma 20 in Appendix G). Then, the final part can be done via standard
self-bounding techniques. Plugging the above upper and lower bound on Ry into Rr = (1 + ARy — ARy
for A € (0,1], taking the worst-case with respect to E[gg(7*)], and then optimizing A € (0, 1] completes the
proof for the corrupted stochastic regime. O

bound depending on go(7*), we use the inequality of Zthl H(p:(|Xo)) < go(7*)In

6 Conclusion

We proposed algorithms for K-armed linear contextual bandits to achieve the BoBW guarantees. The first
approach is to use a continuous MWU method with a reduction framework, thereby attaining either first- or
second-order regret bounds in the adversarial regime and polylogarithmic regret in the (corrupted) stochastic
regime. We also designed a simpler FTRL with Shannon entropy that does not require the knowledge X!
and achieves the worst-case regret in the adversarial regime without sacrificing the polylogarithmic regret in
the (corrupted) stochastic regime.

For future directions, it is important to develop a computationally efficient algorithm that can achieve
data-dependent bounds without relying on knowledge of X~1. Even without this knowledge, the FTRL-LC
algorithm achieved the optimal worst-case regret up to log factors in the adversarial regime. However, in the
stochastic regime, additional In(T) and In(KT') terms arise due to MGR and Shannon entropy, respectively.
An additional log factor is also common when using FTRL with Shannon entropy in other bandit settings.
Therefore, it would be interesting to explore alternative regularizers. Another direction is to extend the
current results to the contextual combinatorial bandit setting.
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A Notation

In this appendix, we provide Table 2 summarizing the most important notations used in the paper.

Table 2: Notations.

Symbol Meaning

[K]:={1,2,...,K} Finite action set

deN Dimension of loss vectors and contexts

X CR? A context space of a full-dimensional compact set

D e A(X) Context distribution over X

3 e Réxd Covariance matrix of contexts, Ex.p[X X T]

0., R4 Loss vector of action a € [K] at round ¢ € [T

0, cRY Fixed and unknown vectors of action a € [K] at round ¢ € [T] (corrupted and stochastic regime)
C e[0,7T] Corruption level, upper bound of 25:1 maxX,e(k] [|0t,a — Oall2

(- | x) € A(K]) Probabilistic policy mapping each context & to a probability distribution

IT Set of all deterministic policies 7 : X — [K]

m* eIl Optimal policy

Apin >0 Minimum sub-optimal gap over a context space, minge x Ming sz« (z) (X, Oa — Orv(z))

my, € RY Loss predictor for action a € [K| and t € [T

L E[Z;=1 0( X, 7 (X))

A* E[thzl(a(Xt,At) —(Xe,mea,))?] b e

A E[ Y1 (6e( Xy, Ar) — (X4, 0))?] with 8 == 7= >, S 044

&a€R (0e(X¢,a) — (Xy,my o)) with a loss predictor my , for for action a € [K] and ¢ € [T

0,,€R? Unbiased estimator for 6, , for a € [K] and ¢ € [T

£s(X;) € RE Estimated loss vector for X; at round ¢ € [T7, ((Xt,HsJ), ceey <Xt,03‘K))

my(X;) € RX Predicted loss vector for X; at round ¢ € [T, ((Xt,mm), ey <Xt,mt7K>)

Rr(z) Regret of auxiliary game for context « and unbiased loss estimator ét,a at round ¢, E [Z:Zl@, é\t‘, a,) — (z, ét’,f*(@)]
6,4 € R? Biased estimator for 0; , for a € [K] and t € [T

£s(X;) € RE Estimated loss vector for X; at round ¢ € [T7, (<Xt,93>1>, ey <Xt,03‘K))

Rp(x) Regret of auxiliary game for context « and loss estimator gt,a at round ¢, E [ZtT:1<w, @)At) — (, gwr*(m)ﬂ

B Additional Related Work

There is another line of research dedicated to studying the problem of model selection. A few notable works
in this area include Pacchiano et al. [2020, 2022], Agarwal et al. [2017b], Cutkosky et al. [2021], Lee et al.
[2021], Wei et al. [2022]. Among these, Pacchiano et al. [2022] addressed the general contextual linear ban-
dit problem with a nested policy class. They achieved the first high probability regret bound, recovering
the result of Agarwal et al. [2017b] in the adversarial regime, and attained a gap-dependent bound in the
stochastic regime. They also showed a lower bound for the stochastic regime, indicating that a perfect
model selection among m logarithmic rate learners is impossible. Formally, this implies that the optimal
dependence of the complexity parameter for the largest policy class cannot be improved over a quadratic,

ie., M, where R(IL,,) is the complexity parameter for the largest policy class. In their best-of-both-
worlds model selection algorithm, the base learners aggregated by the meta-algorithm are required to satisfy
anytime high-probability regret guarantees in the adversarial regime, along with notions of high probability
stability and action space extendability. Although a high-probability variant of Exp4 of Auer et al. [2002]
could be a viable option as a base learner to meet these requirements, its running time, however, is generally
linear in the number of policies. This makes it intractable for an infinite policy class of 7 : X — [K], where
X C RY. Leaving aside the computational issues, Pacchiano et al. [2022] have not addressed data-dependent
bounds in the adversarial regime, nor have the corrupted regime been explicitly investigated.

Since Lykouris et al. [2018] first proposed the stochastic K-armed bandits with adversarial corruptions,
different problem settings including contextual bandits, have been well-studied in the literature. Zhao et al.
[2021], Ding et al. [2022], He et al. [2022] extended the model studied in Abbasi-Yadkori et al. [2011] under
the corruption framework by Lykouris et al. [2018] for the linear contextual bandits. For further extensions,
Bogunovic et al. [2020] introduced the kernelized MAB problem. Ye et al. [2023] recently studied nonlinear
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contextual bandits and Markov Decision Processes, and Kang et al. [2023] introduced Lipschitz bandits in the
presence of adversarial corruptions. We also mention a few works of Jun et al. [2018], Liu and Shroff [2019],
Garcelon et al. [2020], Bogunovic et al. [2021] in this line of research that studied a different adversary model,
where the adversary may add the corruption after observing the learner’s action A;. Garcelon et al. [2020]
examined several attack scenarios and showed that a malicious adversary could manipulate a linear contextual
bandit algorithm for the adversary’s benefit. It is also notable that regret can be defined in different ways,
taking into account losses after corruption or losses without corruption. However, the difference between the
two definitions is negligible, at most O(C), where C is the corruption level. For a more detailed discussion
on these different notions of regret, refer to Gupta et al. [2019], Ito [2021].

Algorithms for linear contextual bandits that provide regret guarantees have been developed with various
assumptions on the losses and contexts. The stochastic linear contextual bandit is the most extensively
studied model among them. Here, the context in each round can be arbitrarily generated while an unknown
loss (reward) vector is fixed over time [Chu et al., 2011, Abbasi-Yadkori et al., 2011, Li et al., 2019]. Efficient
computational techniques have also been developed to take advantage of the availability of a regression
oracle [Foster et al., 2018]. Foster et al. [2020] studied the misspecified linear contextual bandit problem for
infinite actions with an online regression oracle. In addition, Foster and Rakhlin [2020] extended oracle-based
algorithms for a general function class.

Despite the rich history of contextual bandits literature we described above, few results have been known
for data-dependent bounds as the question was posed by Agarwal et al. [2017a]. Allen-Zhu et al. [2018] first
affirmatively solved this question for adversarial losses and contexts. However, their algorithm only works
for a moderate number of policies. Foster and Krishnamurthy [2021] provided the first optimal and efficient
reduction from contextual bandits to online regression with the cross-entropy loss, thereby achieving a first-
order regret guarantee, but the loss function is assumed to be fixed over time. The work of Olkhovskaya et al.
[2023] first achieved the first- and second-order bounds for adversarial losses and i.i.d contexts case. The
critical difference between the above-mentioned work and our study is that these have not investigated the
BoBW guarantee.

C Lower Bound

An algorithm is said to be orthogonal if it does not use the information from rounds in which X; # X,
for s < t to make a prediction at round ¢ [Zierahn et al., 2023]. For the class of orthogonal algorithms,
Zierahn et al. [2023] proved the following regret lower bound for the combinatorial full-bandit setting in
the adversarial regime. In the combinatorial full-bandit setting, the action space satisfies A C {0,1}# and
maxgen |lally < S.

Proposition 2 (Theorem 19 in Zierahn et al. [2023]). Suppose T > dSK and K > 2S. In the combinatorial
full-bandit setting, any orthogonal algorithm satisfies

S3/2\/dKT
192 +961n(T))

Ry >
= 16(

In their proof of the lower bound, they construct the S instances of n-armed bandit problems for n =
% € N. Therefore, the statement for S = 1 implies the lower bound for the K-armed contextual bandit case:

Ry = Q(VAKT),

which we are interested in. Also note that both FTRL-LC and MWU-LC with m,, = 0 are orthogonal, as
formally stated in the following lemmas.

Lemma 4. Suppose that X consist of only basis vectors i.e., X = {e1,...,ex}, and pick somet € [T]. Let
Xy # X¢ and let a € [K]. Then, (Xy,0:4) = 0 holds for the biased estimator 6, in (12) of FTRL-LC, and
(X, 0:4) =0 holds for the unbiased estimator 6; , with myq, =0 in (6) of MWU-LC.
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Proof of Lemma 4. We follow the proof of Lemma 17 in Zierahn et al. [2023]. First consider 5,5),1 in (12). Let
% F, be a sample of the MGR (Algorithm 7) with M-iteration and it can be written as

M k
ZH I_kaa
k=0 j=1

Notice that By, = 1[A(k) = a]X (k)X (k)T is diagonal since D has the support of X = {ei,...,ex}. So as
f, for all a € [K]. Let Xy = e; and X; = e; and pick a € [K]. Then we see that

<Xt’7§t,a> = e;rgt,a
= e S, X l(Xy, Ar) 1A, = d]
= e S e0( Xy, A)1[A; = a
= (2f,)ile(Xe, A)1[A, = al,

concluding that (X3, 0,5 a)=01if i # 7.

Next, we consider 0t7a in (6), where Et . is given by (7) and &, = (44(Xy,a) — (X}, My 4)). By a similar
discussion, we have

d S
= eiT(mt a T —z L t( )Et;tht,a]]-[At = a])
t

upd ~
—e] (mio+ ﬁ@(a)zt,;eja,am — a))

Updt

=my a( )+ (Et a) i,j a0 Qt(a)gt,a]l[At = a].

Therefore, we conclude that (X, ét,a> =0if{# j and m;, = 0, since it,a is diagonal in this case.
O

Lemma 5. Suppose that X consist of only basis vectors i.e., X = {ei,...,ex}. Also, suppose that in round
t, the context is a basis vector in the direction i € [K]. Then, in FTRL-LC and MWU-LC with my, = 0 for
each a € [K], the observation obtained in round t does not affect the algorithm’s prediction in all subsequent
rounds such that the context is a basis vector in direction j # i.

Proof of Lemma 5. Lemma 4 implies that when X; = e;, then p;(-|X;) in (11) in FTRL-LC can be written
as

p+(-|e;) = arg min { Z (r.ls(e:)) + wt(r)} ,
s<t:Xs=e;

reA([K])

where £4(e; = ((ei,0571>,...,<ei,§s)K))T € RE. Also, we can write w;(r|X;) for r € A([K]) in (4) of

MWU-LC as
’IUt(T|€i) =exXp | =Tt Z Ta <eiu Z é\s,a + mt,a> ’
]

a€[K s<t:Xs=e;

where m; , = 0. These equations mean that both algorithms do not use the information at round s < ¢
wherein X; # X;. O

D Useful Lemmas

This section presents some known results from existing literature, such as basic regret bounds in FTRL and
basic regret decompositions often used for K-armed linear contextual bandits.
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D.1 Analysis of FTRL

We introduce a standard FTRL analysis (e.g. Exercise 28.12 of Lattimore and Szepesvari 2020) when it is
applied to K-armed linear contextual bandits with a fixed context @ € X. The following Lemma 6 will be
used to analyze the regret of the auxiliary game given by (16) in Lemma 1.

The Bregman divergence from p € A([K]) to ¢ € A([K]) is defined as

Di(q,p) = ¥(q) — e(p) — (Vi (q), q — p).

Lemma 6. Let pi(-|x) be a FTRL prediction with loss estimators 5t1a for each a € [K], which is given by
(10) with any convex regularizer (+). Suppose that Ay is chosen by m(-|z) := (1 — v )p:(-|@) + 71 %, where
vt € [0,1] is the mizture rate. Then, for any context x € X, we have

Z ((w,gt)At) - <w,§t7ﬂ*(m)))]

t=1

T
<D (Wepeir () = Y1 (Prar ([2))) + Yo (77 (|2)) = 1 (p ()

t=1

370 =90 (o) = o o) B = Dl ) o) + U,

where U(x) = Zthl Ve <%1 - w*(-|w),zt(w)>, and 7 (alx) =1 if a = n*(x) otherwise 0.

Proof of Lemma 6. From the definition of the auxiliary game and the design of the algorithm, for any « € X,
we have

T
Z ( x, 0, Ay) <33,9~t,7r*(m)>)] = Z Z (me(alz) — 7"*(a|m))<m,9~t,a>

t=1 1 a€[K]
T N T 1 N
= Z(l — ’}/t) Z (pt(a|:13) — 77*(0/|$))<$, 0t,a> + Z’Yt <F1 — W*(|$),£t(a})>
t=1 a€[K] t=1

T
=> (=) Y (pelalz) — 7 (al@))(x, 0,0) + Ula).

t=1 a€[K]

By the standard analysis of FTRL (see, e.g., Exercise 28.12 of Lattimore and Szepesvari 2020), the first term
in the RHS above is further bounded as

Z 1—7) Y (pilalz) - 7*(alz))(z, 6y,0)
t=1

a€[K]

[M]=

(1 =) ((Pi(12) = peas(|2)), &) ) = Dilprsa (f2). pel-|2)))

~
Il
-

+

B

(P (|2) = b1 (Praa () + Pria (77 () — P (pa(|2)).

t

Il
-

Combining the above arguments completes the proof. O

D.2 Fundamental bounds for K-armed linear contextual bandits

First, we introduce a fundamental regret decomposition using the auxiliary game in (15).
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Lemma 7 (c.f. Equation (6) of Neu and Olkhovskaya [2020]). Let Xo ~ D be a ghost sample drawn
independently from the entire interaction history. Then we have

Ry < E[R-(Xo)]+2 ) max [E[(X;. bra)]
t=1"

Next, we introduce the following lemma for analysis related to a ghost sample X, which will be used to
prove Proposition 7 and Lemma 3.

Lemma 8 (c.f. Lemma 6 in Neu and Olkhovskaya [2020]). Let Xog ~ D be a ghost sample drawn indepen-
dently from the entire interaction history. Suppose that X is satisfying || X¢l|l2 < 1, and 0 < p < % Then,

for any time step t and an estimator 0y o, we have

K
E, Zm(a|xo)<xo,§t,a>2] < 3Kd. (17)

a=1

Lastly, we introduce the following lemma, which will be used to prove Lemma 2 to control the biased
term caused by MGR procedure.

Lemma 9 (c.f. Lemma 5 in Neu and Olkhovskaya [2020]). Let ét,a = E;;tht(Xt,At)]l[At =a] for all
a € [K], and let 5,5),1 = f];faXtﬂt(Xt, A1[A, = a] for all a € [K] where f]ja is obtained by MGR with p =
of Algorithm 7. Then, we have

~ n Amin b
‘EKXt; Otﬁa — 0t,a>|]:t71]’ S exp <—%27]{()Mt> .

E Appendix for Reduction Approach

We summarize the known results of the black-box reduction framework of Dann et al. [2023], when it is
adapted to our K-armed linear contextual bandit problem, although Dann et al. [2023] provided for sev-
eral other different problem settings. Then, as a naive adaption of Dann et al. [2023], we describe a
base algorithm for K-armed linear contextual bandits with adaptive learning rates and provide its anal-
ysis, resulting in Proposition 8. For notational convenience, we use R(7,a*) to denote the pseudo-regret of
E[> 7, l(Xy, Ay) — £(Xy, a*)] for round 7 € [1,T] and comparator action a* € [K] fixed in hindsight. All
the pseudo-codes of reduction algorithms are also detailed in this appendix to make the paper self-contained.

E.1 Zero-order bound via reduction framework

Inspired by the techniques of model selections, the reduction approach of Dann et al. [2023] relies on an
algorithm satisfying the following condition, called a-local-self-bounding condition (LSB).

Definition 1 (a-local-self-bounding condition or a-LSB, Adaption of Definition 4 of [Dann et al., 2023]).
We say an algorithm satisfies the a-local-self-bounding condition if it takes a candidate action a € [K] as
input and has the following pseudo-regret guarantee for any stopping time T € [1,T| and for any a* € [K]:

T

R(7,a") < min {Cé_aE[T]a, (c1InT)' ™ °FE Z(l — 1[a™ =a]p:(a”| X))

t=1

}+@mﬂ (18)

where o, c1,co are problem dependent constants and pi(a*|Xy) is the probability choosing a* at round t.

For a reduction procedure, detailed in Algorithm 3, that turns any LSB algorithm into a best-of-both-
world algorithm, its BoBW guarantees are stated in the following proposition.

Proposition 3 (Adaption of Theorem 6 of Dann et al. [2023]). If an algorithm L satisfies a-LSB with
(co,c1,¢2), then the regret of Algorithm 3 with L as the base algorithm is upper bounded by O(c(l)_O‘TO‘ +
caIn®(T)) in the adversarial regime and by O(cy In(T)A =% 4 (¢ InT)'=*(CALL )* + coIn(T) In(CA L))

min min
in the corrupted stochastic regime.
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Algorithm 3: BoBW via local-self-bounding (LSB) algorithm,

Dann et al. [2023]

Adaption of Algorithm 1 in

Input :LSB algorithm £
1Ty 0; Ty —coInT;
Ay ~unif([K]), t + 1;

2

2

3 fork=1,2,...do

4 Initialize £ with candidate action ﬁk;

5 Set the number of pulls Ny(a) for all a € [K];

6 fort =T+ 1,7, +2,... do

7 Observe Xy;

8 Choose action A; according to £, and advance £ by one step;
9 Ni(ar) + Ng(a) + 1;
10 if t —T), > 2(T), — Tp_1) and 3a € [K]\ {Az} such that Ny(a) > =Lk
11 A\k+1 — a;

12 Tiy1 < ¢

13 break

then

Algorithm 4: LSB via Corral, Adaption of Algorithm 2 in Dann et al. [2023]

Input :candidate action a € [K]
1 Define: ¢:(q) = —% 2, Vi + % 2 1n%
BO = O;
fort=1,2,...do
Observe Xy;
Compute

g WN

with 7, < m, 8= i;

Sample iy ~ qy;

if i, = 1 then

8 L Choose A; = a and observe ¢4 (X, Ay);

9 else

10 L Choose A; according to base algorithm B and observe £;(X¢, At);

11 Define Zti (Ce(Xe, A+ D)1 [5=4] _ 1 and B; + /c1 Zj—:l qT% +

qt,i

C2
min;<¢ gr,2”’

1

t—1
. 0 1
Gy <~ argmin q { g, ZT_|: }-H/f q) aQ<—<1——)§+—
" geA@) {< ; Bi t( ! 22 ) T 4

t2

, 2-iw-stable algorithm B over [K]\ {a} with constants c¢; and c;

1
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Since algorithms satisfying the LSB condition are not common, Dann et al. [2023] further introduced
the notion of the importance-weighting stability (iw-stable), and presented a variant of Corral algorithm
(Algorithm 4) [Agarwal et al., 2017b] that runs over a candidate action @ and an importance-weighting
stable algorithm B over the action set [K]\ {a}.

Definition 2 (iw-stable, Adaption of Definition 8 of Dann et al. [2023]). Given an adaptive sequence of
weights q1,q2,... € (0,1], suppose that the feedback in round t is observed with probability q:. Then, an
algorithm s %—importance-weighting stable if it obtains the following pseudo-regret guarantee for any stopping
time 7 € [1,T] and any a* € [K]:

€2

ming<r gt

(19)

Proposition 4 (Theorem 11 of Dann et al. [2023]). If an algorithm B is -iw-stable with constant (c1,c2),

then Algorithm 4 with B as the base algorithm satisfies %-LSB with constants (€y,¢1,C2), where ¢y = ¢ =
O(c1) and e = Olca).

E.2 First- and second-order bounds via reduction framework

Next, we introduce a reduction scheme that can also be adapted to obtain a data-dependent bound relying on
a notion of data-dependent local self-bounding (dd-LSB) [Dann et al., 2023], when it is applied to our setting.
In order to make the paper self-contained, we detail the pseudo-code of a Corral algorithm (Algorithm 6 of
Dann et al. [2023]) in Algorithm 5.

Definition 3 (dd-LSB, Definition 20 of Dann et al. [2023]). An algorithm is said to be dd-LSB (data-
dependent LSB) if it takes a candidate action a € A as input and satisfies the following pseudo-regret
guarantee for any stopping time T € [1,T] and action a* € [K],

T

R(r,a*) < |esIn(T)E | ( > (plalX1)eE, — 1ax = Zi]pt(a*|Xt)2§f7a*)) +cInT

t=1 “a€[K]

where c¢1, ¢y are problem-dependent constants and pi(a*|Xy) is the probability choosing a* at round t.
The performance of an algorithm with dd-LSB condition is guaranteed as the following proposition.

Proposition 5 (Theorem 23 of Dann et al. [2023]). If an algorithm L satisfies dd-LSB, then the regret of

Algorithm 3 with L as the base algorithm is upper bounded by O(\/ClE [Zthl ngt} In? T + ¢o In?(T)) in the

adversarial regime and by O (CIAIH(T) + 4/ CIAITHZ‘C + 2 In(T) 1n(C'AI;i1n)) in the corrupted stochastic regime.

min

To achieve the dd-LSB condition, Dann et al. [2023] also proposed a variant of Corral algorithm of
Agarwal et al. [2017b], which is detailed in Algorithm 5. This Corral algorithm is run over two base algo-
rithms with refined weights (¢¢): one is to play the current candidate action @ and the other is an algorithm
with the data-dependent-importance-weighting-stable (dd-iw-stable) condition over the action set of A\ {a},
given in Definition 4. It is guaranteed that the Corral algorithm (Algorithm 5) satisfies the dd-LSB condition
when a base algorithm is dd-iw-stable, formally stated in Proposition 6.

Definition 4. [dd-iw-stable, Adaption of Definition 21 of Dann et al. [2023]] Given an adaptive sequence
of weights q1,qa, ... € (0,1], suppose that the feedback in round t is observed with probability q;. Then, an
algorithm is %-dd-iw-stable (data-dependent-iw-stable) if it satisfies the following pseudo-regret guarantee for
any stopping time T € [1,T] and for any a* € [K]:

T upd, - £2
R(1,a") < | E lz ; zg—tyAt] +E [702 ] ,

=1 4t ming<r g

where upd, =1 if feedback is observed in round t and upd, = 0 otherwise.
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Proposition 6 (Theorem 22 of Dann et al. [2023]). If a base algorithm B is %—dd—iw-stable with constants
(c1,¢2), then Algorithm 5 with B satisfies %-dd-LSB with constants (¢1,¢2) where ¢ = O(c1) and ¢ =

Oy + V).

Algorithm 5: dd-LSB via Corral, Adaption of Algorithm 6 in Dann et al. [2023]
Input :candidate action @ € [K], 3-iw-stable algorithm B over [K]\ {a} with constants (c1, c2)

1 Define: 9(q) := 2?21 In %, By :=0;
2 fort=1,2,...do
3 Observe Xg;
4 Let B output an action /Tt;
5 Receive predictors my o for all a € [K], and set y;,1 = (X¢, mya) and 2 = (Xi,my 3);
6 Compute 7
t—1
9y azgegn{<q,;zf oy — {Bto_l]> + %1/1(11)} A (1 - 2—12) 7+ ﬁl,

=

where 7 = $InT)} (V) (Uir = 1] = gri)?€2 4+ (0 + B)InT)

Sample iy ~ g;

if i, = 1 then
L Choose A; = a and observe ¢4 (X, Ay);
10 else

11 L Choose A; = A, and observe (X, Ay);

. . 2 L
(X A~y )L =] _ t &4, 10-=2] ca
12 Define z;; < s +yii and By« yJe1 >,y 2z, R

E.3 Naive adaption

As we discussed in Appendix E.1, the work of Dann et al. [2023] devised a black-box reduction framework
to obtain a zero-order regret bound in the adversarial regime as well as the regret in the form of % in the
(corrupted) stochastic regime. In this section, we demonstrate that a basic EXp3-type algorithm with an
adaptive learning rate satisfies the importance-weighting stability (Definition 2), where its pseudocode is de-
tailed in Algorithm 6. Specifically, the base algorithm is built upon REALLINEXP3 in Neu and Olkhovskaya
[2020], but we assume that X! is known to the learner.

Proposition 7 (iw-stable condition of ADAPTIVE-REALLINEXP3 as a base algorithm). Assume that X1
is known to the learner. Then, RealLinEzp3 with adaptive learning rate (Algorithm 6) for K-armed linear

2
contextual bandits is %-importance—weighting stable, where ¢; = O (ln(K)K2 (d+ Am;i(E)) ) and co =

Kln K
Amin(2)

The proof of Proposition 7 will be stated soon. Using Propositions 3, 4, and 7, we have the following
proposition.

Proposition 8 (BoBW reduction with a base algorithm of REALLINEXP3). Assume that ¥~ is known to
the learner. Combining Algorithms 3, 4 and 6 results in the following the regret bound: for the adversarial

regime,
Ry = O (\/ClT-i- ¢y In2 T) ,
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Algorithm 6: RealLinExp3 with adaptive learning rate (ADAPTIVE-REALLINEXP3)

Input :Arms [K]
1 Receive update probability ¢: € (0, 1];

: In K 1 s cnt K .
Let nt < min {1 <+ — T ST, L% ming<y QS} ) 2 = ()

Initialization: Set 5071- =0 for all { € [K];
fort=1,2,...,7 do
5 Observe Xy, and for all a € [K], set

t—1
pt(a|Xt) = exXp <—77t Z<Xt; §S,a>> 5

s=1

N

[

6 Sample an action A; from the policy defined as

pt(a|Xt) 1

X = 1— _—_ _
ﬂ-t(a| t) ( ’Yt)zbe[K] pt(let) + FYtK7

7 With probability g, observe the loss ¢;(X;,a;) (in this case, set upd, = 1, otherwise set upd, = 0);
8 Compute é\tya = uPdf DI 1Xt€t(Xt, A)1[As = a] for all a € [K];

and for the corrupted stochastic regime,

B caInT ferInT C
RT ¢ < Amin * Amin ¢ te ln(T) = <Amin>> ,

2
where ¢, = O <1n<K>K2 (1+ ) ) and ey = 5 NSy

Proposition 8 implies that we obtain desired BoBW bounds if the learner access to Zt_; = Ey[1[A4; = a] X, X, ]

for computing the unbiased estimator OAt_’a at each round ¢t and a € [K]. However, it only gives the zero-order
bound in the adversarial regime. To obtain data-dependent bounds we use a continuous MWU approach as
described in Section 4. Importantly, removing the prior knoweges of 3; ! is addressed in Section 5. In what
follows, we state the proof of Proposition 7.

Proof of Proposition 7. While 7* € 11 is a deterministic policy, we will also write it using the notations of a
probabilistic policy: Let 7*(a|z) = 1 if a = 7*(x) otherwise 0 for a € [K], and x € X. Let Xg ~ D be a
ghost sample chosen independently from the entire history. Then, we have

E:[(Xt, 0 x(x,))] = Ee[(Xo, O (x0))]-

We define ET (z) as the regret of auxiliary game for context  and unbiased loss estimator é\tya at round ¢:
T
Z (®,0:,4,) = (2,0; () | - (20)

Using this property and unbiased estimator §t,a, as also analyzed in Lemma 3 in Olkhovskaya et al. [2023],
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we have

3

t=1

R, =E (ft(Xm Ap) = Le( Xy, T (Xt)))]

I
]~

(40X, 40) = (X0, 7" (Xo)))]

t

1

R

=E

(X0, 00,0, — (X0, ét,w*<xo>>)] . (21)

Then, by the definition of Ry (x) in (20), RHS of (21) can be written as E[R, (Xo)]:

1

E[R,(X0)] ZEt > (mi(alXo) — 7 (alX0))(Xo, Br.0)
a€[K]

We begin with the following lemma using a basic FTRL analysis.

Lemma 10. For any context * € X, and suppose that ét,a satisfies |nt<m,§t7a>| < 1. Then, for any time
step T, we have

T

)] < 2;& [v] +E [h:]K] +ZEt

-

ntZwt CL|.’13 <$B Ot a>

a=1

Proof of Lemma 10. Since m¢(a|z) = (1 — v¢)p¢(alz) + v:+ where we recall that p;(alx) is given in (3):

exp (—n 03 (2, 050)

pilalz) = 2,05.0))
Zbe[K] eXp (_nt Es;l <:B, 057b>)

for a € [K],

we see that

ZEt Y (m(alz) - 7 (ala))(x, 6..)

a€[K]

< Z (=) Z (pe(al) — " (al2)) (@, 10} | + ZEt % Z ((z,0¢.0) — <m7§t,ﬂ'*(w)>)

a€[K] t=1 a€[K]
As discussed in Section 3, p:(-|x) can also be described as the FTRL with negative Shannon entropy:
t—1
pe(|z) € arg min {Z@,Zs(fc» + 1/Jt(p)} ; (22)
peA(K]) =1

where ¥ (p) = —%H(p) = % ZQG[K} poInp,. By a standard FTRL analysis as in Lemma 6 and similar

analysis of derivation of (46) in Lemma 1, we have

DB |1 =7) Y i(alz) — 7 (alz)) (@, 6;.0)
t=1

a€[K]
T K
~ In K
< Y B Y mlale) 8,07 + B[]
t=1 a=1 "It

Since

Z]Et % Z (<w7 é\t,a> - <w7 é\t,ﬂ'* (z) ZEt ﬁ Z T 0t,a> - <$7 0t,7r*(x)>) S 2ZEt [’715]
t=1 a€[K] ae[K] t=1

by |(x,0:,,)| < 1, combining above equalites gives the desired result. O
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We next introduce the following lemma, which is implied by Lemma 8, for known X ; and unbiased
estimator ét,a in Line 8 of Algorithm 6.

Lemma 11. Let Xg ~ D be a ghost sample chosen independently from the entire interaction history. Then
for any time step t, we have

K K -1 —1
_ L E (.28 3Kd
B0 | 30 mi(alX0) (X0.B,)2 | < Zem P e B BBl 3K (23)
o at at
Then, we are ready to prove Proposition 7. We first show |n;(x, §t7a>| <1.
~ ~ upd - _
1@, Or,0)| = el (2, Br0)| = 10 |2 Z t3 0 Xele(Xp, a)1[Ar = a]| < %|wT2t,iXt| (24)
t t

m_ 1 o om_ K
qt )\min(zt,a) - qt )\min(z)’yt

Nt s—1 2
< 2 o - ma ] < <1,
where we used £,(X;,a) < 1 in the first inequality, Amin (Zt,a) > mme(z) in the forth inequality, and the
definition of v; = Mm%K(z) in the last inequality.

Next, we will give the bound of }7_, L. Since we have

K

T 1 1 T 1
- < qt —
D o= = — =2
t=1 Zs:l s t=1 Zs:l s + Zs:l s t=1

and using the definition of 7;, we obtain

ZESVIHK;E — <

=1 It PR qL a

Furthermore, by the definition of 7, it is easy to see that

1
1 < [ 21 T c
nr In K min<- g

Therefore, by combining the above inequalities, we have for any a* € [K] and T € [T],

R(r,a*)=E =E i (ft(Xo,At) - ft(Xoafl*))]

i (6:(Xe, A1) = 4(Xiy0"))

t=1

t=1

<E ZT: (et(Xo,At) — 0y(Xo, 7" (Xo)))]

Lt=1

=E|) (<X07 0:.4,) — (Xo, 6t,7r*(Xg)>)]

Lt=1
—E ET(XO)}
T mK] < s ~
<23 B[] +E [n—] +3°E |n Zm<a|Xo><Xo,et,a>2]
t=1 T t=1 a=1
T In K u
<2-E|S M +E[n }+3Kd-IE 3o
i—1 qt M- =1 ai

"1 1 2cIn K
< (2¢+ 3Kd) 41nK§:—+ 1nK§:_+L
qt

t=1

@ ming<r g
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1 2cln K
< (4(2c+3Kd)2+1)1nKZ_+F7n
t=1 at ming<r g¢
2 T 2K
< 36K2<d+7> In(K)) = 4 Zonl®
min () ( ); @ ming<r g

where the first and second equalities follow from the property of Xy and the fact that 5,5),1 is unbiased
for all ¢ and a, the first inequality follows from the definition of the optimal policy 7*(Xj), the second
inequality follows from Lemma 10, and third inequality follows from the definition v; and Lemma 11, the
fourth inequality follows from (25) and the definition of ;. Lastly, we have the statement plugging in the
definition of ¢ = £

)\min(z) ’
(|

F Appendix for Data-dependent Bounds

In this section, we describe how to find a positive semidefinite matrix S € R?*? to compute a loss predictor

myq in (9) for each round ¢ and a € [K], and provide omitted proofs for both Corollary 1 and Proposition 1.

Combining Proposition 5, 6, and Proposition 1 immediately implies Theorem 1.

F.1 Concrete choice for a loss predictor

As in Tto et al. [2020], if we have the prior knowledge of the support of D, i.e., context space X, we can

find a appropriate matrix S such that Hm*||§ = O(d) for any vector m* € M, and maxgex ||z||3-1 = O(d).

Xspan = {x1,...,2q} C X is said to be 2-barycentric spanner for X if each « € X can be expressed as linear
combination of elements in Xypan with coefficients in [—2,2]. Define S € R4xd a5

d
M = (x1@x2- - 24), SzMMT=ZwiwI. (26)
i=1

Then, for m € M, we can easily confirm |[m||3 = m" (Zle wi:cT) m<dand |zl , =2 (M’l)T M-lz

u'u < 4d using some u € [—2,2]? such that £ = Mu. Due to Proposition 2.4 in Awerbuch and Kleinberg
[2004], computation of 2-barycentric spanner for X can be done in polynomial time, making O(d? In d)-call
for linear optimization oracle over X.

F.2 Proof of Corollary 1
We prove Corollary 1 based on Lemma 12 with a concrete choice of a loss predictor. Lemma 12 provides the

upper bound of E {Z;‘ll §t27AJ if we choose my 4 by (9).

Lemma 12. Let M :={m € R? | (x,m) < 1, Vx € X}. For a € [K] and any positive semi-definite matriz
S € R4, define the predictor my o as

t—1
My, € argmin § [m|§+ Y 1[A; = a] (6,0 — m, X;))*
meM

j=1

Then, for any m* € M, it holds that

E

T T
* * T
;5152714;| <E lz; ((Br.4, —m*, X))*| + K |m*||& + 8KdIn (1 + 7 max ||$|§1> ;

t=

where &4, = (<0t,At - mt.,At)Xt>)'
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Proof of Lemma 12. The proof can be shown in a proof similar to Lemma 3 of Tto et al. [2020] and Theorem
11.7 of Cesa-Bianchi and Lugosi [2006], by carefully considering contexts and definition of the predictor of
myi q-

For any a € [K] and any m* € M, we first need to show

T T T
Z]].At —CL Otﬁa—mtﬁa,Xt Z]].At —a Otya—m*,Xt>)2+ ||m*||§+82||XtHé:1 . (27)
t=1 t=1 t=1

From this, we have that

~

T T
Z Z [Ar = a] (Br.0 — My, X)? < ST LA =] (B —m* X))+ K mF|E 48K D HXtH?G;l .
1 a€[K]

t=1 t t=1

Therefore, we obtain

T
E Z <0t,At - mt,At;Xt>2]

t=

A
=E ZEAtNQt [<0t;At - mt,At7Xt>2]1

Lt=1

=E Z Z At = a Ot,a - mt,aaXt>2

| t=1 a€[K]

T
<E Z Z [Ar = a] (01,0 —m*, X3)" + K ||m”*[[5 + 8K Y || Xl

t=1

T
<SE|Y (614, —m" X)) | + K [m* [} + 8KE

t=1

T
> ||Xt|ét1] : (28)

Fort=0,1,...,T, we define convex functions f; : M — R and F; : M — R as follows:

folm) = lmi,
film) = S1[4, = a] (B0 — m, X,))? (t € 7)),

Fy(m) =Y fi(m) (te{0,1,...,T}).

Then, the definition of m, 4 in (9) can be rewritten as:

My € argmin Fy_;(m). (29)
meM

By applying this fact repeatedly, we can derive the following for arbitrary m* € M.

Fr(m*) > Fr (mry14) = Fro1 (morgi6) + fr (Mryie) > Fro1 (M) + fr (Mrgia)
T

= fr—a (Mya) + fr—1 (Mya) + fr(Mri1,e) > - > fo(mie) + Z fe(mriia)

t=1
T
E mT+1 a .
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From this, we have

B

T
]]-[At = a] (<0t,a — mtya, Xt Z ]]. At = a Otﬁa — m*, Xt>)2
t=1

o
Il

1

mta _2th

T
fe(mua) =2 (Fr (m*) = fo (m*)) < 2fo (m Z fe (Mia) = fr (Mri1a))

MH HMH

Il
NS
~+~
I
A

T
= m*[I5 + 2> (fi (Mea) = fi (Mr114))

t=1

We next show
Je(myo) — fe (Mrgiq) <4 HXtHé;l ;

where we define positive semi-definite matrices G; € R**? for t = 0,1,...,T by

t
Gi=S+> X;X/.

Jj=1

For positive definite matrix S, fo(m) is strongly convex with respect to the norm [[u%. Also note that
ft(m) for t € [T] is a convex function. Therefore, F} is G-strongly convex, i.e., it holds for any m, m’ € M
that

Fy (m') > Fy(m) + (VF(m),m’ - m) + |m/ - m||g,, . (30)
Further, (29) implies that
<VFt_1 (mt,a) ,m — mt,a> Z 0 (31)
for any m € M and t € [T]. From (30) and this inequality, we can show that
fe(mea) = fe (Mri1,0)
=F(myq)— Fr(mri1e) — Fioi (mye) + Fioi (Mmag,,)
<AVE, (Myq) , Mpq — M711,4) — My — mTJrl,aHét + (VF_1 (Mri14) , Mrr1,0 — Mig)
<(VEF (myq) — VE_1 (Myq), Mt g — M7i1q)
+(VF—1 (mri1,0) = VE (Mry1,6) s Mri1,a — M) — ||Myq — mT+1,a||2Gt
=(Vfi(mya) , Mia—Mmri1a) — M — mTJrl,aHét —(Vfi(mri1a) , Mri10 — M)
= <vft (mt,a) + vft (mT—i-l,a) 7mt,a - mT+1,a> - ”mt,a - mT—i—l,aHét

< ||Vft (mt,a) +Vfi (mT+17a)HG;1 ”mt,a - mT—H,a”Gt - Hmt,a - mT-‘rl,aHQGt
1

1
< 7 IV (mea) + V fi (mrs1a)llg =7

1 |((me,q — 010, Xt) + (Mppiq — 60, Xy)) XtHé;l

2
<4)Xe)E

where the first and second inequalities follow from (30) and (31) respectively, the third inequality follows from
the Cauchy-Schwarz inequality, the forth inequality follows from the fact that a? —ab+b?/4 = (a—b/2)? > 0
for a,b € R. Therefore, we obtain

T T T
Z]lAt—a Ota—mta,Xt Z]lAt—a Ota—m Xt> <||m HS+82||X75HG 1,
t=1 t=1 t=1
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which is (27). We next show
T
SOUXP < din (14 2 max i3 ) - (32)
py G, = d zcx s

Using Lemma 11.11 and similar analysis of Theorem 11.7 in Cesa-Bianchi and Lugosi [2006], we have

Indet G, — Indet Gy—1 = — (Indet (G¢ — X, X,") — Indet G,)

— Indet (G;% (G — X.X,) G, %) — —Indet (I . G;%XtXtTGt_%)

1 2 _1 2 2
=—1In (1 — HGt 2XtH2> > HGt 2XtH2 = ”XtHG;l ’

2
where the forth equality holds since the matrix (I — G;%XtXtTGt_%) has eigenvalues \] = 1— ’G;%Xt‘
2
and Ay = Ay = --- = X, =1, and the inequality follows from In(1 +y) <y for y > —1. Therefore, we obtain
— det G’t
X G X <In— .
¢ £= det G4_1
Let A1, A2, ..., Ag > 0 be eigenvalues of Ethl S’%XtXtTS*%. Then, we have
T T . . d
D IXillg,+ < Indet Gy —Indet Go = Indet <I+ Zsaxa,ﬁsa) => In(1+\).
t=1 t=1 i=1

Since we have S0 | \; = tr (EL sféxtxjsfé) =T X3 ) < Tmaxger @24, it holds that
Zle In(1+X)<dn(1+ %maxmex l||Z-.) which gives us (32). Combining it with (28), we obtain

T
E lz <0t,At - mt,At;Xt>2]

t=1

T T
<SE|Y (B4, —m" X0)?| + K ||m"|[§ +8KE | ) IIthétI]
t=1 t=1
d T
* 2 * (2
<E ; (01,4, —m™, X)" | + K |lm™| g +8KdIn (1 + — max |:13||§1) ,
which concludes the proof. O

We are ready to prove Corollary 1.

Proof of Corollary 1. Since we choose S by (26), it holds that ||m*|\§ = O(d) and maxzcx |||3-, = O(d).
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Then, by Lemma 12 and Theorem 1, it holds that for any m* € M,

T
2
D &a,

t=1

Rr=0 J k1(d, K, T)E In® T + ko(d, K,T)In?(T)

t=1

T
=0 | |ki(d K,T) <E [Z (61,4, — m*, X,))?

T
Z (@¢,4, — m*,Xt>)2

t=1

=0 dKT<

+ Kdln (1 + T)) T + ko(d, K, T) ln2(T)>

T
= O | KdIn(dKT)In*(T) (E lZ«et,At_m*,Xg)?

+ Kd 1n(T)> + (dK)3? In(dKT) In® (T))

+ (dK)*2 I3/ 2(dKT) n®(T)

T
= O | Kdln(dKT)In*(T), |E [Z(w“*‘ —m* X))’

+ (dK)3/?

)

T
=0 Kd\l E lz ((6r,4, —m*, X1))

t=1

in the adversarial regime. Therefore, we obtain

T
Ry = @ (Kd\l - lz (0,4, — m*,Xt>)2

t=1

+ (dK)3/2) ~-0 (deK + (dK)3/2) . (33)

On the other hand, for m* = 0, we also have that
R T
?TS k1(d, K,T) ( Z (X+,0¢.4,))

po -
SJE[ZOQ’O’S’AJ + KdIn (1 + T)\/k1(d, K, T)In®> T + ra(d, K, T) In*(T)

t=1

+ Kdln (1 + T)) In® T + ko(d, K,T) In?(T)

+4/k1(d, K, T)In®* T\/KdIn (1 + T) + ro(d, K, T)In*(T),

t=1

T
k1(d, K, T)In*> T, | E lz (X1,0;.4,)

where € is a universal constant and the second inequality follows from 0 < E[(X}:,0:4,)] < 1. By the

definition of Ry = E [Z$:1<Xt, 0t7At>i| — L*, and solving the quadratic inequality for E [ZtT:l<Xt, 0t7At>},
we obtain

e

T
+K ||m*H?9 + Kdln (1 + 7 nax |:c||§1)> In? T + ko(d, K, T) In*(T)

\/k1(d, K, T)In* T + \/m(d, K,T)In*T + 4 (L* +/k1(d, K, T)In* T\/KdIn (1 + T) + ko(d, K, T) 1n2(T)>
< 2

IN

ki(d, K,T)In® T + k1 (d, K, T)In* T + 4 (L* +4/k1(d, K, T)In* T\/KdIn (1 + T) + ko(d, K, T) 1n2(T))

2
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This indicates that

g

=0

T
Z X:,0:.4,)| =0 <\/L + K2d21n*(dKT) 1n4(T))

VIt K2d2) .

Therefore, in this case, we obtain

/_\

Ry =0 (\/m(d KT T\/L* + K> n*(dKT) n* (1) + \/s1 (d, K, T) 0> T/Kdn (1 + ) + ro(d, K, T) In (T))
-0 (Kdln(dKT) nX(T)WI* + K2d? In?(dKT) 1n4(T))
= O (KaVL* + K*?).

From (33) and this, we conclude that

Ry =0 (Kd\/min{L*,K} + K2d2> .

O

We note that instead computing my , in (9) at round ¢ for each a € [K], we can still get the first-order
regret bound in the adversarial regime, just by setting m;, =0 € R,

Corollary 2. Let x1(d, K,T) = O (K2d?In*(dKT)In*(T)) and r2(d, K, T) = O ((dK)*?In(dKT) In(T)).
Combining Algorithms 1, 3, and 5 results in the following the regret bound

Rr=0 <\/m(d, K, T)In®T - L* + n T3 %k, (d, K, T)** 4 k2(d, K, T) 1n2(T)> .

in the adversarial regime, and

Rr=0

ko(d, K, T)In(T)In(CA

mm)

k1(d, K, T)In(T) k1(d, K, T)InTC
A - A *

in the corrupted stochastic regime.

Proof of Corollary 2. Taking m; , = 0 in Theorem 1, for a universal constant ¢ > 0, we have

A1 <\ Jrr(d, K, T) w2 T + a(d, K, T) n*(T)
C

T
E > (Xt,00,4,))
t=1

T
> (X1,0:4,)

t=1

ki(d, K,T)In*T - , | E + ko(d, K, T) In*(T),

where the second inequality follows from 0 < (X, A¢) < 1. By the definition of Ry = E {Zthl (X4, Ot_,At>] —
L*, and solving the quadratic inequality for E [ZtT:1<Xt, 0t7At>}, we obtain E [ZtT:1<Xt, Ht,At)] = O(L* +

InT+/k1(d, K,T)). Therefore, we have

Rr=0 <\/m(d, K, T)In®T - L* 4+ (InT)*?k,(d, K, T)** + ko(d, K, T) 1n2(T)> ,

which completes the proof.
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F.3 Proof of Proposition 1

Before we state the proof, we introduce the concentration property of a log-concave distribution, which is
proved in Lemma 1 in Ito et al. [2020].

Lemma 13 (Lemma 1, Ito et al. [2020]). Ify follows a log-concave distribution p over R* and E,.,lyy "] < I,
we have

Prfl|y[l3 > do®] < dexp (1 — )
for arbitrary o > 0.

In order to proceed with further analysis, we introduce several definitions. For a probability vector r €
A([K]) and d-dimensional context & € X', we denote the dK-dimentional vector z(r,x) := (r1 - ',...,rx -
x')T € R, We define the dK x dK matrix Xy (t) := diag,cx)(Er.a) € R x R as a block diagonal
arrangement of the covariance matrices per arm, where ft,a is given in (5). Similarly, we also define
i;,(t) = diagae[K](fltﬁa) € R x R4 where f]t_,a is given in (7). Using these notation, we can rewrite the
pi(r|x) for r € A([K]) and a context x € X as follows:

K -
pe(r|z)l [Za_1 TZHfB”%fl < dKV?] p(r|x)l [Hz(r, w)H;_’l(t) < dKﬁf}
~ _ t,a — b . 34
pe(r|) PR 1° 5 {Hz( D2 - dKNQ] (34)
Pypi(la) | 2oam1 ya”wHi—l < dK7; y~pe (@) Y = ) — i

For a context x, we define Q;(x) as a sample generated from p;(-|x) in (34), and define Q(x) as a sample

generated from py(-|&) in (4) wherein X, is replaced with . Let 6, := (8, .., 49;{)T € R and let its
estimate be 6, := (0?1, .. ,éT)K)T € R, We denote my; := (m/,...,m] ;)T € R

For notational convenience, we also define random vector Z(x)" € R for context & and Q(z) ~ p;(-|x)
as:

Z(@) = 2(Q(x),2) = (Quw) - 2",...,Qx(x) &) € RIK.
And, we define Z,(z) for context & and Q; () ~ Py (-|x) as:
Zt(f”) = 2(Qi(z), ) = (Qr.1(x) - z’, .. 5 Q () - z')" e R
For the optimal policy 7* € II and context &, we define Z*(x) as:
Z*x):=0",...,z",...,0")T e R

where the term of  is placed on 7*(x)-th element and 0 € RY is placed on other elements. Finally for the
uniform distribution over K-action o = (%,..., +), and context x, we define Z(x) as:

~ 1 1\
Z(x) = (Ew—r,...,?w—'—) € R,

Proof of Proposition 1. Using the above notations, the regret can be decomposed as:

Ry =E | (t(X1, Ar) — gt(Xtaﬂ'*(Xt)))]

t=1

-F 27: <Zt(:v) — Z*(Xy), 0t>1

—E Y (Z(X:) - 2(X),60:) N (2(X)) - 2*(X,),0,) | - (35)
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Following the idea of the auxiliary game as presented in (15), for the optimal policy 7* € II, the unbiased
estimate of loss vectors 6;, and a fixed context * € X', we define

Ro(@) = YB [(Z@) - 2°).8.)].

Let Xg ~ D be a ghost sample drawn independently from the entire interaction history. Then we have

T

E | (2(X:) - Z*(Xy),60,)

t=1

—E Y (2(X0) - 2°(X0),8.) | = E[R-(Xo)], (36)

t=1

where we used the property of unbiased estimates §t and the fact that X is independent of any past history
to constract ;.

For further analysis, we introduce some lemmas from the prior analysis. The following lemmas hold for
our unbiased estimator 6 and definitions of 3; and 7, since we sample Q(x) from the distribution p;(-|x)
defined in (4) and Q:(x) from the truncated distribution p:(-|x) defined in (34) for context x. We begin
with Lemma C.1 of Olkhovskaya et al. [2023], implying that Z(x) follows a log-concave distribution under
the assumption that the underlying context distribution D is log-concave.

Lemma 14 (cf Lemma C.1 of Olkhovskaya et al. [2023]). Suppose that z(q,®) = 3_,c k) dap(®, a) for
q € A(K]) and ¢(x,a) = (07,...,2",... 0) such that x is on the a-th co-ordinate and Q(x) ~ p(-|x) for

log-concave p(-|x). If X ~ px(-) and px(-) is log-concave and Z(X) = z(Q(X), X), then Z(X) also follows
a log-concave distribution.

To see that the first term of E [22:1 <Z5(Xt) — Z(Xy), 0t>} in (35) is a constant, we make use of Lemma

C.2 in Olkhovskaya et al. [2023], which is the analog of Lemma 4 Tto et al. [2020]. This lemma implies that

Z(X;) is close to Z(X;), and also provides a useful relation between covariance matrices 3p(t) and Sp(t).
The log-concavity of Z(X;) is crucial in the proof to utilize its concentration property stated in Lemma 1 of
Tto et al. [2020] (Lemma 13).

Lemma 15 (c.f. Lemma C.2 in Olkhovskaya et al. [2023]). Suppose that 7 > 4In(10dKt) and {((ry -
x' ... r-x"),0;) €[-1,1] for any t, a policy r € A([K]) and context X, € X. Then, we have

Eq [<Zt(Xt) - Z(Xt)70t>” < 2—12

Further, we have
R J— —~ 4
ZEb(t) =< Eb(t) =< gzb(t). (37)
Next, we introduce Lemma 4.4 in Olkhovskaya et al. [2023], the analog of Lemma 5 in Ito et al. [2020],

which can be shown via standard the OMD analysis [Rakhlin and Sridharan, 2013].
Lemma 16 (c.f. Lemma 4.4 in Olkhovskaya et al. [2023]). Assume that ni1 < 0 for all t, let po be a

~

uniform distribution over [K| and ¢(y) = exp(y) —y — 1. Then, the regret R, (x) for fized x € X of
Algorithm 1 almost surely satisfies

Klnrt

e

Row) < 23 (Z@) - 7 (@).8) +

T 1 .
—|— Z 7’]_Et {w(—ndZ(:v), 0t — mt>) . (38)
- t=1 1t
Next, we introduce Lemma 6 of Ito et al. [2020] to evaluate the third term of RHS of (38).

Lemma 17 (Lemma 6 in Ito et al. [2020]). Ify follows a log-concave distribution over R and if E[y?] < 45,
we have

E[y(y)] < E[y*] + 30 exp (— ) < 2E[y*] where (x) = exp (y) —y — 1.

Ely?]
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Now, we start by evaluating the term E; | (—n:(Z(Xo), ét —my))?|. We recall that the definition of ét,a
is given by

updt

ét,a =My g+ Qs a(Xt)zt atht o1[A; = al,

where & o := (£4(Xy,a) — (X¢, My ). Then, we have that
E Qo 10 upd, g | (2 (X0), B —me))? | Fooa

= Eupd,~q, {’72 ptht [ftA Z(X4) goil(t)Z(XO)Z(Xo)Tga

02(x0)

~ -1

— 1
LT [q—E 20200078 0TR0Z 02030
’ t

o2 e o
< 3B, | 2 64,2000 5 (0Z(0T

t
4 upd? —~ -1
B [—E e, 200075 (0230

02|

1

< 2By, | €10, 2000 TS (02000

upd?
—2mEupdwqﬁ[ BB [ 2O

qi
2dKn?7?
< #Et (€7 4.]
1
< — 39
= 100’ (39)

where the first and second inequalities follow from Lemma 15, the third inequality follows from Line 6 in

Algorithm 1 of ||Z(X,g)||2z_b,1 S < dK72, and we used 1; < % and the assumptions that | (X, A:)| < 1

and [(X¢, my 4,)] <1 in the last inequality. Then using Lemma 17 for y = —n(Z( 0),0,5 —my) and (39),
we obtain

B [0 2(X0). 01 ~ ma)| < B [(-m(Z(X0), 80~ m)?

4dKnA?
< ﬂﬂzt [gf,At] . (40)

qt

From the fact that (r; - ,...,rx - )"0, € [-1,1] for any ¢, » € A([K]) and & € X, we also see that the
first term of RHS in (38) is bounded by a constant:

1 Z <7(X0) - Z"(Xo), §t>‘| = % Z (Z(Xo) — Z*(X0),6:) < 2. (41)

T
t=1 t=1

E

Now, we are ready to prove the main statement. For any stopping time 7 € [1,T] and a* € [K|, we have
that

B | S (6 (X ) —mxt,a*))]

t=1

<E lZ(ft(Xt, ar) — ft(Xtaﬂ*(Xt)))]

t=1

=E (Ze(X2) = Z(X2),00) | +E | Y (Z(X:) = Z7(X1),0:)

t=1

R

t

1
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T

=E Z (Zu(Xy) — Z(X,),00) | +E[R.(Xo,7")]

Klnrt
Nr

6| +E[E2T] +e

t= 1

Z Et [ U(=ne(Z(Xo), 0; — mQ)”

<3+E [KIHT] +E li lEt [W‘ﬁt(Z(Xo)aét - mt))”

K1 " 4dKn,7?
§3+E{ HT] +Elz qﬁt”YtEt [@2’&}] ,
t—1 t

where we use Lemma 16 in the first inequality and we use (41) in the second inequality and we use (40) in
the last inequality.

Recall that 8, := 1637¢7 4,, and 3, = 4In(10dKt). Also, recall that the learning rate 7; is defined as
follows:
1

800dK72 Sl B;
min;<¢ q; J=1gq;

e =

We also define 7, as follows:

1
/o
N = - .
800dK~2_ =1 8.
C=mmsEy
j<t—149j J q;j

. 800dK 7?2 t B,
Using 57 < VU — VY —xforx*&,y:m—l-zj | g » we have that

Bt ~ t
800d K7} Zt Bi min;<¢ gy j mlnj<t q;
minjgt qj =1 q;
_ | 800dK7? Z ﬂj 800dK72 ti B;
—\| minj<¢ gj minj<¢—1 ¢j i
1 1
= 7 VA (42)
M1
where we used mhjt - > — 7“1 - in the second inequality. Summing up over t =1,...,7 gives
i<t dj min;<¢—1 gj

i 1 1 1 1 1 800dK72 <~ B
Z(/ __/): 7 __IS / = ~7+Z_J' (43)
t=1

N1 h Nry1 ™ Nr4+1 min;<r qj

Therefore, using the definition of n; and [;, we have that

" 4dKnyE dK 3, dK 3, 1
Elz gt Sha| = Z 4q; e Z 800dK77 t—1 B,

t=1 = t=1 4(]t min;<¢ q; + Z] 17q;
dK 1 i 1 1 800dK72 < 8,
<IEZ B _ < dKE Z<, _—,> <arE | | SRR -5
= 2 [S0IKF; s~ B M1 T mnj<r G5 = 4j
min; <; q; =1 q; | J

800dKA2 <~ 1677&7
Vr +Z tSt, Ay

mmqu. Qj

=dKE

t=1 a
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- 50dK i
< 4dK7,E U gtvi
min;<r qj — qt

50dK T d,£2
= 16dK In(10dK71),| ———— 4+ E [Z up tgt,At‘| 7

. : 2
M, <7 gy - @

800d K772

where we used 2t < =
qt min; <t gj

third inequality follows from (43).

in the first inequality and the second inequality follows from (42), and the

Next we evaluate the term E {%} .

-

~9 T 16~2 2
E [Klnf} < Kln+E SQOdeT +Z Vi&ta
Uis min;<rq; i at
50dK T upd&7
< 16K In(r) In(10dK7) - | ——— + E |3 updiia,
min;<r g; - G
Therefore, we conclude that
E [Z(Zt(Xt7 at) — ét(Xt, a*))]
t=1
50dK T upd, &}
< 16K In(10dK7) (In(7) + d) - | ——— # +3
min;<r g; Pl
T upd,&2 vV50dK
< 32KdIn(10dK ) n(r) [ |E |3 wpdibin |, | VO0AK
Pl min;<r g;

O

Remark 2. We omitted the proof of Theorem 1 since using Proposition 5 and 6 , and the dd-iw-stable
condition proved in Proposition 1 immediately implies Theorem 1.

G Appendix for FTRL-LC (Algorithm 2)

In this appendix, we describe the detailed procedure of MGR and all the technical proof for analysis of
FTRL-LC.

G.1 Matrix geometric resampling

We detail the whole procedure of MGR in Algorithm 7 [Neu and Bartok, 2013, Neu and Bartok, 2016,
Neu and Olkhovskaya, 2020]. MGR takes inputs of context distribution D, policy 7, action a € [K],
number of iterations My, and constant p, and outputs E;fa =pl+p 2221 A} o as the estimate of the inverse

of the covariance matrix 3; L In this work, we set p = 3.
G.2 Useful lemma for the entropy term

First, we introduce the following lemma, which implies that the definition of 3] based on entropy terms is
crucial in the analysis for FTRL with Shannon entropy regularizer. The proof follows the similar argument
as Proposition 1 of Tto et al. [2022].
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Algorithm 7: Matrix Geometric Resampling (MGR) [Neu and Olkhovskaya, 2020]
Input :Context distribution D, policy 7, action a € [K], number of iterations M;, constant p = %
1 fork=1,2,...,M; do
2 Draw X (k) ~ D and A(k) ~ 7 (-| X (k))
3 Compute By, , = 1[A(k) = a] X (k)X (k) T
4 Compute Ay, = H.’;:I (I—-pBk.a)

Output : f);ra =pl + 92221 A,

Lemma 18. Let 3, be updated by (13) for each round t. Then for a ghast sample Xy, we have

_ ( JZE i ]).

Proof of Lemma 18. From our definition of §;, we have

T
E lz (Biy1 — Br) H(pe1 (-] X0))

E lz (Bis1 = Br) H(pes1(-1X0))

T /
—E|}" - H(pea (1X0))
|:t_1 \/1+ (In K)—1! Zi:l H(ps(-]Xs)) i

T

=2¢,VInKE |3 H(pi41([Xo0))
= Ak 43 Hip(X))

T

=2¢\VInKE | H(pr41(-1X0))

= % K+ Y0, Hpu(1X0) + K + X, Hpa([X.))
<2 VInKE |} H{(pe41(-1X0))
= VZt“ H(p,(1X0) + /X, H(pa(1X,))

where in the last step we used the fact that H(ps(-|Xs)) < H(p1(-|X1)) = In K. Using the property that
Ex, D H (pri1 ([Xe41)) 1 Fi] = Exonn[H (pry1 ([ X0))| Fi], we have

)

H(pi+1(-[Xo))
th”l (s (1X0) + /0y Hpo(1X,))
v Hipen(1X0) (YEE A1) - S0 (X))
pt H(pey1(-[Xe41))

2¢1VIn KE

=2¢ivVIn KE

=2¢,vVInKE Z( iH(ps 1X5)) JZ (ps(-| Xs) )

=2¢,VInKE <\l H(ps('|Xs))_\/H(pl('|Xl)))

[ |7
< 2¢,VinKE ZH(ps(-le))] :
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where in the last step we again used the fact that H(ps(:|Xs)) < H(p1(-]X1)) = In K. Hence, again using
the fact that Xy and X; follows the same distribution D and the linearity of the expectation, we obtain

- ( Ji@ (pe (] X0) ])_ ( \IZE (pe(-|Xo) ]),

T
Z ﬂt+1 (pt+1( |X0))

which concludes the proof.

O
G.3 Proof of Lemma 1
The proof follows the standard analysis of FTRL with the negative Shannon entropy.
Proof of Lemma 1. By Lemma 6, for any context @ € X, we have
~ T ~ ~
RT(w) = EAt [Z (<$, Ot,At> - <$E, 0t,7r*(a:)>)]
t=1
T
Z Ve (prea () = Y1 (P ([2))) + bra (77 (|2)) — Pr(pa(-|2))
t=1
T ~
+ 30 =7) ((pul12) = i (@), &) ) = Dilpesa (), i) ) + U(). (44)
t=1

We first bound the stability term <pt(|cc) —pt+1(~|m)),zt(m)> — Dy(pt+1(-]®), pe(-|x)). Since the function

f(@) = X aeir) (pelalm) — q(a)) (=, 0~t1a> — Dy(q,pi(-|x)) is concave with respect to ¢ € A([K]), its maximum
solution is obtained by computing the point where its derivative is equal to zero. For each a € [K], we have

8;&) Y (elalr) = g(a)(@, 0ra) = Di(g, pi(|@)) | = ~(.0,0) - %(lnqw) ~Inpi(alz)),

a€[K]

and thus the maximum solution is obtained for ¢*(a) = p:(a|x) exp(—n:{x, 5,5,,1)). Hence, we can show

> (pilalz) = pera(alz)) (@, 0,0) — Di(pria (|@), pi(-|))

a€[K]

< Y (pilalw) — g (@) (@, 8:,0) — Dilg”, pel-|2))
a€[K]

= <<w7 O1.0)(pe(alz) — ¢*(a)) — %(q*(a) Inpi(alx) — pi(alz) Inp(alz) — (Inpe(alz) +1)(¢" (a) —pt(alw)))>

a€[K]
. 1
= (x,010)pi(alz) + —(g"(a) — pe(alz))
5 (stnon o)
S Z pi(alz) (exp( N (x, 0t )+, 0t a) — ) (45)
Nt a€[K]

Using the inequality exp (—z) < 1—x+2? that holds for any z > —1 and the assumption that |n;(z, 0~t7a>| <1,
we can bound the RHS of (45) is bounded as

LS wale) (exp(—mle,0,0) + el Be) 1) < Y pulale) (@01
Uiy ac[K]
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implying that

A=) 3 elale) - prsa(al@) (@, ) — Dilpea(12) piC2) < (1 —70)m 3 pilala) (@, 6..0)7.

a€[K] ac[K]
Since p:(alx) = le(wt(a|w) — 2) from the definition of 7;(alx), we obtain
(1=7) > (pelalz) = peia(ale)) (@, 0;a) — Di(pror (), pe(-lx)) < m Y m(alw)(x,0r0)®  (46)
a€[K] ac[K]

For the penalty term, using 0 < H(p) < In K that holds for any p € A([K]), we can show

T
D @i (1®) = Yera(pera () + i (7 () — ¢a(pr(-|2))

T
Z (Bt+1 = Be) H(pe1 () + f1In K. (47)
t=1

Combining (44), (46), and (47) completes the proof of Lemma 1. O

G.4 Proof of Lemma 2

Proof of Lemma 2. Let || - Hop be the operator norm of any positive semi-definite matrix. Recall that defini-
tions of the baised estimator 0t o= E oXile (X, A¢)1[A; = a] and unbiased estimator 0,5 0= S X00(Xy, A LA = al.
The first statements of (i) can be shown by using these definitions and adapting a smular analysis for
Lemma 5 in Neu and Olkhovskaya [2020] (Lemma 9). For E;r ., the output of MGR procedure in Algo-

rithm 7 with p = —, we have Ei[A;,] = E; [H?zl (I - ka,a)} = (I — %Ztﬁa)k for each a € [K]. Then, it
gives Et[Etya] =1 ,]C\ﬁo (I- %Zgi)k = 2;; -(I- %ZM)Mﬁ 2;5 Using these expressions, for the biased

estimator ét,a of each action a € [K], we have that

E¢[6:,q] = Et[il—;atht(Xh a)l[A, = a])
= B[S, B[ Xe( Xy, 0:.0) LA = ]
= B[S JE XX, 1[A; = a]] - 6,0
= B[S/t 0010

implying that

Therefore, we obtain
E[(X1, 040 — Or.a)] < [|1Xe]2]6t.02

S (1 _ ’Yt)\min(z)) S exp (_’Yt)\min(z) . Mt) S i

2K
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where we used || X;|| < 1 and ||0;4]2 < 1 in the second inequality, we used the fact that the policy (-] X;)
employs the uniform exploration with mixing rate 7; in the third inequality, and the last step follows by

Mt = ’V'Yt mln(z) ln t—l
Next we consider the second statement of (ii), which can be shown via our careful tuning of learning

parameters. For the output of MGR procedure in Algorithm 7 with p = % and any x € X, |n{(x, §t7a>| for
each a € [K] is bounded as follows:

(2, 0r,0)| = me| (2, B, Xl (X, ADL[A, = 1))| < il T (B, X0)] < el ZFallop

M, My
1 M; +1
<o (|l +0Y Ard|| | <% (1 +y |, (I— 5B,W> ) < % (48)
k=1 op k=1 op

where the first equality follows from the definition of 5,5,,1, the first inequality follows from £;(X:, A;) < 1,
and the second inequality follows from maxgzcx ||z||2 < 1. Setting M; = [m In t] gives
1 2 Qg 2 Qi 2

=— - <= - (M- 1),
uiz ui QT Nt Vi Nt

where we used the definition of v¢ = gy for ap = )\4K l(nzt) Therefore, from the definition of n; < 5, we have

2< % - (M -1 en < Combining it with (48) guarantees that |n, (z, 8, )| <1, as desued O

M+1 +1

G.5 Proof of Lemma 3

Proof of Lemma 3. By Lemma 2 and the definitions of ¢, n:, v and M, we can see that |n:(Xo, §t7a>| <1
holds, which allow us to use Lemma 1 for fixed Xy. Then we have

T
E[Rr(Xo)] <E | Y (Bes1 — Be) H(prar (1X0)) | +E Z’?t > mlalXo)(Xo,00.0)? | +E[U(Xo)] + 1 In K.
t=1 = a€[K]

term A term B

Using the definition of 8; = max{2,c¢5InT, 5}, we have
filnK <chbInKInT. (50)

Next, we will evaluate term B and E[U(X()]. From the definition of 8} in (13), we see that

t—1
Br=ci+)
= \/1+(1nK)—1z;;11H(pu(-|X \/1+ (In K)=1 320, H(ps (X )

ch cht

and thus

+ (InK)~1 Y H(ps(- X))

i \/ cjt

T
1+InT InT
mK) 1S Hps(|Xs) =0 | ——— , 51
< (nK)™ 3D Hp:(1X) = 0 | s G

where we used H(p1(-|X1)) =In K.
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By Lemma 8 and (51), we obtain

T
~ 3Kd-InT
term B =K Nt m(a|X0)(X0,601.0) | =0 |E | ——+=
; ag(] AvVinK
_o (LT oIS i x) (52)
AvinK et bt 0 ’

where we used the fact that Ex,p[p:(-|X0)|0:] = Ex,~n[p:(-| X¢))|64].
For E[U(Xo)], from Lemma 2, we have [E[(X{, 04 — 01.4)|Fi—1]] < & < 1, and thus

T
E[U Z% > (— — (G|X0)> (,0,0)| <E lz % max (Xo, 61,0 = Bra + B >]
t=1

t=1 a€[K]

T
<E l;% (ma}(]<Xo,0t a— 0t ) + 4 (Xo, )>] <E lz o0 (;Iel%){(] ‘(XO,OM - 0t7a>‘ + 1>

ac[K =1

<2E lzT: %] : (53)

where we used E[é\tya] = 0, and E[¢;(Xo,a)] <1 in the second and third inequality. From the definition of

v and (51), we have
KInT lnT d
-0 . Hp: (-] X . (b4
Kt [z (10) ] (54

T
E Z%
t=1

Thus from (53) and (54), we obtain

T
Z”Yt] =0 %\J [ZHpt 1 Xo) ] . (55)
C1Amin

t=1

E[U(Xo)] < 2E

Finally, we will evaluate term A. Let to be the first round in which 8, becomes larger than the constant
F:=max{2,c5InT}, ie., to = min{t € [T] : B; > F}. Then, by the definition of §;, we have that

T
E Z (Bt+1 — Br) H(pt+1('|X0))]

t=1

[to— T
=E Z (Bi+1 = Be) H(pea1 (1X0)) + (Bro = Bro—1) H(per1(1X0)) + Y (Bra1 — ﬁt)H(pt+1('|X0))]

t=1 t=to

r T
<E |0+ (8}, — Biy—1) HDe11(-1X0)) + Z (Bi41 — B1) H(pt+1('|X0))]

t=to

- ( JZ]E H(pi(] X0) ]), (56)

where the first inequality is due to the fact that j; is the constant while ¢ € [to — 1], 8; < B, for any ¢, and
Bi = B for t > to. The last step follows by Lemma 18. Hence using (56) and the fact that Xy and X; follows
the same distribution D, we obtain

T
<E Z Bii1 — Bi) H(pes1(-|X0))
=1

E

T
=0 $ lZHpt |XO] . (57)

T
Z Bir1 — Be) H(per1(-| Xo))
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Combining (50), (52), (55), (57) with (49), we obtain

N (3Kd+ 2thT)mT T
E[Rr(Xo)] =0 | | ¢,VInK + E > H(p:(|X0)| +chInKInT |,

Avin K p—

8K

and plugging ¢}, = on ) to this bound concludes the proof.

O
G.6 Proof of Theorem 2
Proof of Theorem 2. Using Lemmas 7 and 3, we have
N T
Rr < E[Rr(Xo)l +2)  max [E[(X:, b))
t=1
(3Kd+ £2L )T T
=0 AvVinK + = E H(p:(+| X +chbInKInT +4
1 C,l\/m ; (pt( | 0)) 2
where in the second step we used Lemma 2 with M; = T(E) In t—‘ to have
T T
mex E[(X:,bra)]| < 5 <2 (58)
— aclK t=1
Setting
2KInT \ InT
= Kd —
“a \/(3 " )‘min(z)> In
gives
(Kd+ 2L )T T
Rr=0||dVinK + E Y H(pi(-|X0)| + 4 InKInT
civin K pa
KInT d
min =1
InT d K
=0 (d+ 7) KInT-E H(p:(-| Xo))| + InKInT (59)
/\min(z) ; )\min(z)

where we used ¢, = AS—I&;) in the third equality.

For the adversarial regime, due to (59) and the fact that Zthl H(p:(-|Xo)) < Tln K, it holds that

InT K
Rr=0 <\/T (d+ m) KIn(T)In(K) + (D) anlnT> ,

as desired.
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Applying self-bounding techniques. Now, we will apply self-bounding techniques [Zimmert and Seldin,
2021, Wei and Luo, 2018] to proceed with further analysis.

Lemma 19. For any corrupted stochastic regime, the regret is bounded from below by

T

> Ax,(Ay)

t=1

Rr > E —2C.

Proof. Recall that A (a) is defined as A;(a) := (x,0, — 0+ () for © € X' and each action a € [K].
We have

Rr=E

M=

(Ce( Xy, A) — ét(Xt7W*(Xt)>)]

&
Il
A

Il
M=

T

(Xt,004, — 0, o(x,)) | T E +E

(X¢,04, —04,)
1

T
> (X O x) — 9w*<xt>>]
t=1

T
Z Xt, ™ (X¢) Ot,ﬂ'*(Xt)>‘|
1

t=

&
Il
=

t=

T
Z X,04, —04,)

Il
M=

(X1,04, — 0r-(x,))| +E +E

&
Il
=

WY,

=
[M]=
7

|(X¢,0¢4, —04,)

t

(X1,04, — 0r-(x,))| —E l

Z’ X, 05+ (x,) 0t,7r*(Xt)>“|

t=1

“
Il
=
~~
Il

1

T
Z X [|Xel2]18r.0 — O |21

t:l

<Xt70At _Bﬂ*(Xt)> 2K

v
=
g
1

T
Ax,(A¢) —2E [Z e [6¢,a — 0a||2] :
t=1

=,

t=1

B

Ax,(Ay) —2C,

~
Il

1

where we used the definition of Ax, (A¢) in the third inequality, and we used the definition of the corruption
level C > 0 in the last inequality.
O

We further show the regret upper bound based on the following notation. For the optimal policy n* € II,

MH

T
eo(7%) := D (1= pi(n™(X0)[X0)),  o(x,)z =Y (1= p(@"(X)IX0), ox(7") :=Elocx,r, (7).
t=1

(60)

t

1

Note that it holds that 0 < gy (7*) < T. We also confirm the property on them in the following lemma.
Lemma 20. Let ™ be the optimal policy defined in (1). Then we have oy (7*) = Elgo(7*)].

Proof of Lemma 20. Notice that since the optimal policy 7* € II is the deterministic policy, it holds that
EXOND[ (Xo)] EXtND[ (Xt)] Let Ot (et,la .. Ot,K) Then we have

E¢[pe(7*(X0)| X0)] = Ex,~p [pe (7" (X0)| X0)[0e] = Ex, o pe (7 (Xe)| X¢)16¢] = Ee[pe (7 (Xe) | X0)].

Hence, we have
ZEt (pe (7" (X0)|Xo)] ZEt pe(m" (X)X,

which concludes the proof.
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We next show that the regret is bounded in terms of gy (7*).

Lemma 21. In the corrupted stochastic setting, the regret is bounded from below as

Amin_
R > 5 ox(m") —2C. (61)

Proof of Lemma 21. Recall that Ay(a) := @' (04 — Ox+(a)) for a € [K]\ {7*(x)}, where 7* is the unique
optimal policy given by (1). Also recall that Ay () := Ming4r+(2) Az(a) and Apin := mingex Amin ().
Then, using these gap definitions and Lemma 19, the regret is bounded from below as

Rr>E ZAX, (Ay) —2C Z > m(a| X;)Ax, (a) | —2C

Lt=1 t=1 ag[K\{m=(X:)}

ac[K\{m*(X+)}

[T
>E Z > (1 —v)p(alX)Ax,(a)| —2C

WV
&
)
MH

pi(a|X)Ax, (a) | —2C
t

Lae[K\{r*(X+)}

vV
| —
=
-

alX min Ax,(a)| —2C
PalXe) R .y A5 (@)

| =1 ae[K\{r*(X¢)}

pe(al X)) Amin(Xe) | —2C

I
M=
]

Lae[K\{m*(X:)}

v

M=

1 .
§IE pe(al Xy) arsnelg Apin(x)| — 2C

~~
Il

1 aE[K]\{W*(Xt)}

Ami]ﬂ
= T]E Z Z pe(alXy)| —2C
| t=1 ae[K]\{m*(X:)}

Amin . [
= %E 1 — pt Xt)|Xt)) - 2C
Lt=1
Ami]ﬂ [ % Amim_ *
= TE _Q(Xt)?zl (71' ):| - 2C = QX(ﬂ' ) — 20,

and the last steps follows
()] O

The following lemma that bounds the sum of entropy in terms of go(7*) follows by a similar argument
as Lemma 4 of Tto et al. [2022].

where the second inequality follows by (11), the third inequality follows by v < 2,
by the definitions of o(x,)r (7*) := Z;‘F:l(l — pe(m*(X¢)|X4)) and D (7%) := E[o(x,)r

t=1

Lemma 22. For any m € Il and for a fived ghost sample X, we have

T

> HO(10) < o) %

where go(m) = E;}T:l(l — pe(m(X0)[Xo))-

Proof of Lemma 22. By the similar calculation of (30) in Ito et al. [2022], we see that for any distribution
p € A([K]), and for any i* € [K], it holds that

H(p)é(l—pi*)(ln K__l +1>.
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Using this inequality, for a fixed X, it holds that

T
K-1
H(p(-|Xo) (1- *(Xo0)|X +1
; (pe (| Xo) g pie(7" (Xo)[Xo0)) < 1 — pe(m* (X0)| X0) >
. (K-1)T ) . eKT

<oo(m™) ([ In—FF—+1) < pgo(7™) In ,

e (05 ol o)
where the second inequality follows from Jensen’s inequality. O

Using Lemma 22, we have Zthl H(p:(-|Xo)) < eln(eKT) +e~! in the case of go(7*) < e, which gives

us the desired bound. Next, we consider the case of go(7*) > e. In this case, we have Z;‘ll H(p:(|Xo)) <
00(m*) In(KT). Hence, for 7* € II we obtain

T
E | Hp(1X0))
t=1

< Eloo(m") In(KT)] = E |ox,)r (") n(KT)| =2x(7") In(KT), (62)

where we used Lemma 20 in the first equality.

et ¢y = n n + 4. erefore, by Lemma 21, , an or any A > 0, 1t holds that
L ,,,,n(z:)lKlT 4. Theref by L 21, (59 d (62) fi A > 0, it holds th

Ry = (14 A)Rr — ARy

<E|[(1+ A)\/<d+ %(TE)) KInTIn(KT) -0y (m*) — AA;’i“@X(w*) +A-2C+ (14 N)ea
o ((1 +A)?(d + A;“A(T 53)K InTIn(KT) o Ac4>
o ((d+ sl K InTIn(KT) ) <(d+ sl K In T In(KT) +C>
Amin Amin
+(d+ pw ln{?)K.lr/l\Tln(KT) N m) |

where we used a/x — bw <3 “ for any a,b,z > 0 in the first equality.
By letting 0 < A < 1 to be

in (X2 min

(d—i—/\h‘?))KlnTln( DAL +C+ea’

min

J (d + y 27 ))KlnTln(KT)A L

we have
Br— 0 (d+ x20sy) K n T In(KT) . G ) )KlnTln(KT)
Amm Amm
. ca(d+ 5 205) K In TIn(KT)
Amln
(d+ ) K InTIn(KT) (d+ ) In Tln(KT)
_ /\ ( 4 /\ ( )
Amm A
mm(z) (d"’ P ( )) hl KT
+KInT
Amim
which concludes the proof of the theorem. O
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